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AnHOTanUA

Pabora npeacrasisier coboit mepByio 4acTh 0030pa, MOCBIIIEHHOT0 HEKOTOPHIM COBPEM-
EHHBIM TTPOD,IeMaM HEJUHENHON TUHAMWKN: XAa0TUIHOCTU JUHAMUIECKUX CUCTEM U YIIpa-
BJIEHUIO TaKUMU CUCTEMaAMMU. B ,Z[a.HHOI;'I YJaCTU TpPEeACTaBJI€HBI OCHOBHBIEC CBEICHUA IIO
Teopun OudypKanuit U psi Pe3y/IbTaTOB, OTHOCAIIUXCI K PA3BUTHUIO Xa0CA B IUHAM-
UYIeCKUX cucreMax. M3/10KeHbl HEKOTOPhIE BaXKHbIE CBOMCTBA XA0TUIECKUX TUHAMUIECK-
nxX CUCTEM, PaCCMOTPEHBI METOAbI NX ONMMCaHWA W JaHBI HEKOTOPBIE MMOJIO?KEHUA 3PTO/I-
UYeCKOil Teopuu.
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1 Bsenenune

['oBOpst 0 TAKOM IIXPOKO PACIPOCTPAHEHHOM SIBJIEHHU KaK Xa0C B HACTOSIIEE BPeMs HMEIOT
BBUJLY HE TOJILKO MPUHIMNHAIbHBIE U (DYHIAMEHTAIbHBIE BOMPOCHI CTATUCTHIECKON (DU3UKH,
HO M BCEBO3MOXKHBIE IPHIJIOKEHHS M KOHKPETHBIE 3aJa9ld MeXaHHKH, acTPOMU3UKH, (HH3-
UKW ILIa3Mbl, ONTUKHU, Ounojorun u T.7. [losiB/ieHne XaOTUIHOCTH B TOIl WJIM WHOW CHCTeMe
He CBS3aHO C JeiiCTBHEM KAaKHX-JTH0OO AIPHOPH CAYyYalHBIX cuia. [Ipupoma XaoTmIeckoro
MOBEJIEHUs MMOJIHOCTHIO JEeTePMUHUPOBAHHBIX CHCTEM KPOETCsl B CBOWCTBE MPUOOpEeTaTh Mpu
OIIpeJIeIeHHBIX 3HAYEHHAX IapaMeTPOB SKCIIOHEHIHAJBbHYI0 HEYCTONYHBOCTH TPAEKTOPHIi.
OyHIaMeHTaIbHOe 3HAYEeHHe HCCAeJOBAHUN B 9TOil 0OJACTH COCTOUT B TOM, UYTO OHH BCK-
PBIBAIOT TPUPOLY CIYIARHOTO, JOMOIHSST TUIOTE3Y MOJIEKYJISIPHOTO Xa0Ca MMIIOTe30i JTHHAM-
AYECKON CTOXaCTUYHOCTH.

Buepsoie Ha CBsI3b MeXKJIy CTATUCTUKON M HEYCTONYIMBOCTHIO OOpPATH/I BHUMAHUE EIIe
Awnpu ITyankape [1]. B 1o e BpeMs cTATHCTHIECKUIT TOAXOJ K OMUCAHUIO CUCTEM CO MHOTHMUI
crerersivu ¢Bo6obI Ol nipeioxked JI.Bonbiumanom (2] . OH BBLABHHYJ peIOIOKEHHE,
4TO JBUKEHHE YACTHUIl B PA3PAKEeHHOM Ta3e CJIeAyeT pacCMaTpUBATh KaK CAydaiiHoe, W Ka-
K101 YaCTHIe TOCTYIIHA BCSA SHEPTeTHIECKN pa3pelneHHas 001acTh (ha30BOro IpoCTPaHCTBA.
Takoe mpejcraBienre O CHCTeMaX MHOTHX YACTUI[ M3BECTHO KAK HPrOJWYIecKasi THIOTE3a
[2, 3, 4], KoTOpas crasa OCHOBOM KIACCHYECKOI cTaTucTueckoii Mexanuku. OHAKO ee CTpor-
oe 0DOCHOBaHWE JOJT0E BPEMsi HE HAXOIUJIO MOATBEPXKeHusi. HekoTopoe mpojBuKeHWe B
9TOM HAIPABJIEHUH ObLIO JOCTHTHYTO Oiarogaps uccaepoBanusam [1.9perdecra [5, 6] (cm.
Takzke |7, 8]), KOTOpbIe MO3BOJISI B TOM YHCIE YCTAHOBATH PDAMKH HPUMEHUMOCTH 3aKOHOB
cratucTudeckoit Mexanuku. Ouako u3ectHas pabora D.@epmu, /Ix.ITacra u C.Viama [9]
(6os1ee mompobuo cm. |10, 11|), rue BnepBbie Obla TPEANPHUHSTA MOMBITKA TPOBEPKH Proji-
MYEeCKOil TMIIOTe3bI, BHOBb BBIJIBHHYJIA MPOOJIEMY ODOCHOBAHUS CTATUCTUIECKON (DU3WKW HA,
MEepBBIH TLIaH.

YacTraroe perrenne 3Toit mpod1eMbl MOXKHO Oy YUTh, onupasach Ha paborsl A.llyarnkape
(eMm. [12]), B KOTOPBIX OH MOKA3aJ, YTO B OKPECTHOCTUH HEYCTOWIUBBLIX HENMOJBUYKHBIX TOUEK
JIBUKEHUE HMeeT IPe3BBIYaiTHO CJI0YKHBII XapaKkTep. DTO SIBUJIOCH IEPBBIM YKa3aHUEM Ha TO,
9YTO HeJTMHEeHHbIe JHHAMIIECKHe CHCTEMBI MOI'YT HpPOSBIATH Xa0THIEeCKHe cBoiicTBa. Brocre-
ncreun [I.Bupkrod [13] nokasas, 4To npu pannoHaibHOM OTHOIIEHHH 9acTOT (PE30HAHC) BC-
eraa CyIeCcTBYIOT YCTONYINBbIE W HEYCTOIMBbIE HEMOIBUKHbIE TOUKN. Pe30HaHChH Oo/1ee BhICc-
OKOTO TIOPSJIKA ITOCTE0BATETHHO H3MEHSIOT TOMOJIOIHIO (pa30BBIX TPAEKTOPU U MPUBOIAT K
00pa30BaHMIO MU OCTPOBOB B (hba30BOM MpOCTpaHCTBE. Teopust BO3MYIIEHNI, KAK 0Ka3a/10-
Chb, HE OIMCHIBAET TAKHe PE30HAHCHI, MOCKOIbKY PEry/IsipHbIe peIleHns BOJIM3H HUX CHIBHO
BO3MYIIEHBI, & ITO BJIEYET MOSIBJIEHNE MAJIBIX 3HAMEHATe/ el U PACXOIUMOCTD PSIIOB.

[nybokoe mccaeoBanne MpUPOIbl CTATHCTHIECKUX 3aKOHOB 06110 poBeaeHo H.C. KpbLioBeim
[14]. On mokasaJi, 9T0 B ee OCHOBE JIEZKHUT CBOMCTBO MepEeMeINBAHNsT W CBsI3aHHAS C HUM JIOK-
aJIbHasl HEYCTONINBOCTh MOYTH BCEX TPAEKTOPHil COOTBETCTBYIOIUX JTUHAMUIECKUX CHCTEM.
B sroii ke casu M.Bopu [15] (cMm. Tak:ke [16]) BBICKa3bIBAT HPEIIOIOKEHNE O HEIIPEICK-

a3yeMOCTH IIOBEeJCeHUudA CHUCTEM KJACCHYEeCKON MeXaHUKMU. HOS,ZLHGG AUHAMHKa CUCTEM, BbI-



3BaHHAs TAKOI'O POJa HEYCTOWYIMBOCTHIO, CTaJia HA3BIBATHCI JUHAMUYECKOW CTOXaCTHIHO-
CTHIO WJIM JIETEPMUHUPOBAHHBIM (JIMHAMUYECKHM) Xa0COM.

Pu3nvuecKn OCMBICIEHHOE MMOHITHE JTeTePMUHUPOBAHHOTO ONMMCAHUS 3aK/II0YAETCI B TOM,
YTO HAYa/IbHOE COCTOsIHUE TTPOIECCa 3a/IaeTCs B CHJLY HEeM30€KHBIX (DIIOKTYAINT HEKOTOPHIM
BEPOSITHOCTHBIM pacIpejieieHneM. 3aada COCTOUT B TOM, YTOObI HA OCHOBAHHUH M3BECTHOTO
HA4YaJIbHOT'O pacipejesieHus MpecKa3arTh ero 3BOM0NNI0. Eean Majibie BO3MYIIEHUS HAYa IbHOT'O
VCJIOBHSI C TeYeHHEM BDEMEeHH He HapacCTaloT (T.e. MMEeeT MeCTO YCTOWYHMBOCTH), TO MOBEJIe-
HIEe TaKOil CHCTEeMBI SABJIIETCS MpeICcKa3yeMbIiM. B MpoTuBHOM cIydae MpoIecc MOXKeT OBITh
OIMCAH TOJIHLKO BEPOSTHOCTHBIM 0obpaszoMm. [lo-cyimecTBy uMeHHO 3TH cOOOpazKeHus Jerjiu B
OCHOBY COBPEMEHHOTI'O MPEJICTABICHUASA O JTHHAMIIECKOM Xaoce.

Hoserit 3ran B pa3BuTi mOHUMAHWS XaOTHIHOCTH U €€ 3aPOK/IeHNUST B IETePMUHUPOBAHHBIX
cucremax Bo3uuk mocye pabor A.H.Konmoroposa u 91.I.Cunas [17, 18, 19|, rae njis qunam-
MYECKUX CHCTEeM OBILJIO BBEIEHO TOHSITHE SHTPOIHUH. JTH PAOOTH MOTOKUIA HAYAJIO CO3TAHUIO
TEOPHUH CTOXACTUIECKUX JTMHAMUIECKUX CHCTEM.

Boabiryio poib B pa3BUTHU TEOPUHU JIETEPMUHUPOBAHHOIO Xa0Ca CHITPAIA Pa3HOTO POJIA
abcrpakTHbie MaTeMaTndeckne Koncrpyknun. Tak, C.Cwmeitsr [20], 9T06bI OMPOBEPrHYTH I'HII-
ore3y o miaorHocTH cucteM Tuia Mopca-Cwmeitia B mpoctpancTse C7-nuddeoMopdu3mMoB,
noctpon nipumep ("mopkosa Cwmeitna"), nokaspiBatommii, uro eciam g — auddeomopdusm
IJIOCKOCTHU, 00J1aJaI0IUil TPAHCBEPCAJILHONR NOMOK/JIMHAYECKON TpaeKTOpueii, TO OH JT0IKeH
MMEeTh WHBAPUAHTHOE MHOYKECTBO THIIA MOJKOBHI. B CBOIO 0vYepeih W3 CyIeCTBOBAHUS MO/IK-
OBBI BBITEKAET, YTO OTOOpazKeHue ¢ JOJKHO UMeTh DECKOHETHOE YUC/IO KAK MEePUOINICeCKUX
TOYEK PA3JUIHOrO MEePHOJA, TAK U HECUETHOE THCJIO AlepUOJANTIecKuX Tpaekropuii [20, 21].
Besen 3a "nogkosoit Cmeitia mosiBuitich y-cucrembl Anocosa |22, 23|, KoTopble XapaKkTepu-
3yI0TCs HauboIee BhIPazKeHHBIME CBOiCTBaMHU repeMernuBanust. OO0OIEeHN s TAKUX CUCTEM —
seesenne "akcrombr A"Cwmeitna [21] (em. Takzke |24, 25, 26] 1 quTUpyemyto Tam JUTEpaTypy )
U TUepbonIecKuX MHOKeCTB (21, 25, 26, 27|, — BBIAETUIO BaXKHBI KJIACC IHHAMAIECKIX
cucreM, 00JIaIAIONIUX CBOMCTBOM SKCIOHEHIIMAJIHHON HEYCTONYNBOCTH TPAEKTOPHIA.

[TpumepHO B TO K€ BpeMsi CTaJIU MOSBJISTHCS MaTeMaTudeckKue paboThl, Ijle Ha OCHOBE
n3ydeHus] OUTbSIPIHBIX CUCTEM OBLTH IIPEIIPUHITHI MONBITKH 0O0CHOBAHUS CTATUCTUIECKOM
mexauukn |28, 29|. Busbsipapl BliepBble MOSIBUINCH KaK yIPOIIEHHbIE MOJEIH, Ha KOTOPHIX
MOKHO M3y49aTh psiji 38,1249 cTaTucTudeckoii dbusnkn [13| (em. rakxke cepuiku B [30, 31]). Uc-
NOJIb3ysl TaKWe CUCTEeMBbI, BiepBbie Oblna perrena 3amada H.C.KpbuioBa o mepemerntuBanmm
B cucTeMe ynpyrux mapukos [14]. Bosee Toro, 610 HOKA3aHO, YTO CHCTEMbI, OTBEYAOIIIE
OMJIbSIPJIAM C PACCEUBAIOIIMMU I'PAHUIIAME, UMEIOT MHOI'O ODIIEro ¢ reo/Ie3nYeCKUME MOTOK-
aMH B IIPOCTPAHCTBAX OTPHUIATEIBLHON KPHUBHU3HHI, T.e. moToKamu AHocoBa. HemHoro mosxe
KJ1aCC OMTbSIPIHBIX CHCTEM, KOTOPbIE CIIOCOOHBI TPOSABISTH XAaOTUIECKHE CBOMCTBA, OBLT 3HAYUTETHHO
paciupen (cMm. [31, 32, 33| a Takzke nUTHPOBAHHYO TaM JuTeparypy). Onupasich Ha 060011Ie-
HIE TAKUX CHCTeM — MOJIUMUKAIUIO JBYMEPHOTO Ta3a JIopeHna, ObLIO JOKa3aHO, UTO JIB-
MZKEeHWe B YHCTO JIETEPMUHUPOBAHHBIX CHCTEMaX MOXKeT ObITh MOJ06HO GpoyHOBCKOMY |30,
31]. DToT pesyabraT SBUICA NEPBBIM CTPOTUM MOATBEPKICHUEM MPOSIBICHUS XAOTHIHOCTU

JUHAMIYeCKHME (T.e. 63 KAKOro-Ju00 CIy9aifHOro MeXaHW3Ma) CHCTEeMAMHU.



JlabHeline KaK TeOpeTHIecKre TaK U SKCIepUMEeHTAIbHbIE HCCIe0BAHNS HeTHHEeTHbIX
CHUCTeM TI0Ka3aJii, HACKOJIhKO THITUYHBIM U BCEOOIINM sIBJIEHHEM OKa3bIBAETCSI Xa0THIECKOe
HOBEeJIeHNEe B CHCTeMaX C HeOOJBIINM YHCJIOM cTeneHeil cBoOoabl. CTaJo OYeBHIHBIM, UTO
XaO0THYIECKHEe CBOMCTBA MOTYT IPOSIBJISTH CaMble Pa3HOOOpa3HbIe HEJIWHEHHBIE CHCTEMbI, U
ecJIM Xaoc He 0OHAPYZKUBAETCS, TO, BO3MOZKHO JIMIIH MOTOMY, UTO JTUOO OH BOBHUKAET B OUEHD
MaJIbIX 00JIACTSAX MapaMeTPUYecKOro MPOCTPAHCTBA, JU0O0 Nnpu HepU3nIeCKuX 3HAYCHUAX
napameTposB.

Kak :xe Bo3HHKaeT XaoTmdecKoe JBHzKeHme! Kazasoch Obl, myTeil ero BOBHUKHOBEHHS
JIOJIZKHO OBITH 0OYeHb MHOTO. OJHAKO, BBISICHUIOCH, 9TO YHCIO CIEHAPHEB MPOIECCa XaOoTH-
3aIlU COBCEM HeBeJNKO. Bosee TOro, HEKOTOpbIE U3 HUX MOIINHAIOTCA YHUBEPCATIbHBIM 3aK-
OHOMEDHOCTSIM, W He 3aBUCAT OT MPHUPOAbI cucrembl. OXHH W Te Ke IMyTH Pa3BUTUS Xao-
ca MPHCYIIX CAMBIM Pa3HOOOPA3HBIM OObEKTaM. YHHBEpCAaJIbHOE MOBEJCHHE HAMOMUHAET
oObruHbIE (DA30BBIE TEPEXOIbl BTOPOrO POjJa, a BBEIEHHE PEHOPMIPYIIOBBIX W CKEHJINHT-
OBBIX METOJ0B, W3BECTHHIX B CTATHCTUYECKONW MEXaHHKE, OTKPHIBAET HOBBIE MEPCIEKTHBHI B
N3yJIeHUN XaOTHIECKON JTUHAMUKH.

Jlannast paboTa nipe/ictapjsieT coboit epByIo 4acTh 0030pa, MOCBAIIEHHOTO TEOPUH Xa0THIECK-
UX JUHAMHYECKUX CHUCTEeM U IIpodJeMe yIIpaBaeHus TakKuMu cucreMaMmu. OHa COCTOUT U3 JIBYX
riaB. [lepBast 1y1aBa cojepKuT OCHOBHBIE CBeJIeHUsI 110 Teopun dudypkanuii. Bo BTopoii riiase
U3J107KEeHbI HEKOTOPBIe BaKHbIE CBOIICTBA XaOTUIECKUX JUHAMUYECKUAX CHCTEM, PACCMOTPEHBI

METOAbl UX OIMMUCaHUA U JaHbl HEKOTOPbIE IMOJIO2KECHU A 3p1“0;u/1quK0171 Teopuu.

2 Dbudypkanum n pa3BuTue Xaoca B JUHAMAIECKIX CUCTEMaX

YcTaHOBIEeHWe B AUHAMHYECKOW CHCTeMe XaOoTHYeCKOTO MOBe/IeHUs B pe3yJbTaTe TOil M’
UHOI ToCIe/I0BATEILHOCTH DU ypKalnii MPUHITO HA3ZBIBATD KAPMUHOUT WA CUEHAPUEM Pa-

3BATHA Xaoca. B ﬂaHHOﬁ JaCTH paCCMaTpUBalOTCA HanbosIee TUIIHYHBIE U3 TAKUX CII€eHapueB.

2.1 OO6miue oJI0XKEeHUSI

[Tycts M — MeTpHuYecKoe IPOCTPAHCTBO € ONpPEIeJTeHHBIM PACCTOAHIEM MEXKIy TOYKAMU M
{T"} — MHOXKeCTBO OJJHOIIAPAMETPUICCKAX Mpeobpa3oBanmii mpoctpanctsa M B cebd Takoe,
aro TUtl2 = Th o T = T% o T" nana mobwix ti,ty. Torna T', M u {T'} maswiBatorcs
orobOpazkeHneM CaBura, (hba3oBLIM MPOCTPAHCTBOM U AMHAMHUYECKON CHCTEMOIl COOTBETCTBE-
HHO. B MeTpuueckoil Teopun JUHAMUYIECKUAX CHCTEM PACCMATPUBAETCS TAKZKE NPOCMpPAHCNEo
¢ mepod, T.e. Tpoiika {M,S, u}, e & — o-anrebpa mojaMuokecTB M u p — Mepa, ompe-
JleIeHHas TeM WaM MHbIM oOpasom Ha S. Ilpm 3TOM Mepa g Ha3bIBaeTCS WHBAPUAHTHOI
Mepoii oTHOCHTEeTbHO mpeobpasosanns T, ecmu p(C) = p(T1C) nra moboro C' € S. Korma
{t} mMeer muCKpeTHBIN pean 3Hauennii, t € Z, t = k, To {T*} HaspIBaeTca TEHAMIUECK-
oif cucreMoil ¢ IMCKPEeTHBIM BpeMeHeM WJIH omobpasicenuem. VI3BECTHBIM IIPUMEPOM TaKOi
cucTeMbl siBJsieTcst mpeobpasosanne unrepsaia I B cebs: Ty : I — I, I = [a, B], T, = f(x,a),
e a — HekoTopwii mapamerp u [, ] = M. Torga tpaektopust otobpaskenus TF ompe-



nenuresa Kak TF = fo fo ..o f ana kaxmoro k. B obmiem ciydae 3ajaHie 3aKoHa Ipeobpa-
—_—

k
soBanus T, = f(x,a) onpenensier mpaexmoputo Touku x u3 M mno oraomenuio k f kak
noamuozxkecrso {TF| k € Z}.

Korga muoxkectso {t} npuHEMaeT HeNpepbIBHbIN Psijl 3HadMeHuil, To npeobpasosanue {17}
HA3BIBACTCA JIMHAMUYIECKOIl CHCTEMOIl ¢ HempepbIBHBIM BpeMeHeM WIH nomokom. B 3rom
ciydae paceMmarpuBaercs npeobpasosanme T : R — Dif f(M), t — T* Torok T : M —
M ompenensier Ha M KacareJIbHOe BEKTOPHOE IOJe, T.e. JJs JII0Ooro X € M paBeHCTBO
(dT*(x)/dt)|,_y= Vv(x,a) onpeaensier kacarejbublil BekTop V(X,a) € Yy(M) B TOUKe X €
M, rie Yy (M) kacarensroe Kk M npoctpancto. CregoBaTe/bHO, IUHAMAIECKAS CHCTEMA ¢
HEMPEPHIBHLIM BPEeMEHEM 3a/1aeT CUCTeMy OObIKHOBEHHBIX JuddpepeHiuajibHbIX YpaBHEeHUIH,

KOTOpbIe MOXKHO 3alHCATH B 0OJIee IPHBBIYHOM BHJIE KaK
x = v(x,a), (1)

X = {x1,%9, ..., T}, v = {v1, 02, ..., 0}, a € R, ¢ HavanpupiMu yenoBusiMu X(ty) = xo. dus
TaKoil cucTeMbl JeiicTBre OTOOpaskeHHs CABHra 1 3aKMIOYAETCA B TOM, UTO JIOOAA TOUKA
X9 € M non neiticreuem T! npeoGpasyercss B TOuKy X (X, 1), KOTOpast, O4EBUIHO, SABISETCS
pemernem cucrembl (1). Takum obpaszom, Txy = x(xg, t).

BaskHBIM HOHATHEM TEOPUY JUCCHIATUBHBIX JMHAMUYCCKIX CUCTEM SABJIACTCS ATTPAKTOP.
B nacrogiiee BpeMsl IMeeTCI HECKOJILKO OIpPeIeNeHnii aTrTpakTopa, KOTOPbIe, M0-BHINMOMY,
He CBOJSATCS IPYT K APYTY (0030p 110 3TOMY BOIIPOCY MOZKHO HaiiTh B mybankanusx |34, 35, 36,
37]). Crenyst |37], Oymem onuparhcst B ONpeneeHn aTTPAKTOPa Ha TOHSTHE TTONIOMAOIIEH
obnactu. O6macts U C M massBaercs nortomaromieit, ecin T°U C U gna t > 0, toe U —

sambikanue U. [Ipu sarom muoxkectso () T'U HasbiBaeTcs MakCUMAALHOIM GIMMPAKIMOPOM B
>0

nornomatomneit obmactu U. MuOXkecTBO A Ha3BIBACTCS AMMpPaKmopom, €Ciu CyIeCTBYeT
noryiomammas obsacts U, B KoTopoii A siBIsiercst MaKCHMaJbHBIM aTTpakTopoM. O0JI-
actb B(A) HazpiBaeTcs 06aacmulo npumanicernus arTpakropa A, ecim OHa COCTOUT U3 TaK-
UX TOYEK, YepPe3 KOTOPBIE MPOXOAST MOJOKUTENbHbIE IOy TPAEKTOPHH, cTpeMsiimecs K A.
CortacHO 3TOMY OIpeeIeHII0, OUeBUIHO, YCTONINBEIE MOT0KEHUsT PABHOBECHSI, YCTONINBBIE
npeJiesibHbIe [UKJIbI U YCTOWYIHUBbIE TOPHI SIBJSIIOTCSI aTTpakTopamu cucrembl (1).

[[Tupoko u3BeCTHBIM TUIIOM OUMYPKAIUN SIBISIOTCS ON(YPKAIUT YCTONIUBBIX CTAIMOHAPHBIX
TOYeK (T.e. MOJIOKEHUIT yCTONYNBOrO paBHOBecHs quHaMuYeckux cucrem). Cpeau HUX Had-
bostee pactipocrpanennasi — 6udypranus Axgporosa-Xornda (cm., Hanpumep, [36, 37, 38, 39,
40, 41, 42]), BO3HUKAIONIAS IPU OTEPE YCTORIUBOCTH CTAIMOHAPHO# ToukN Tuma dhokyc. To-
IIYCTHM, 9TO MOJIe V UMeeT CTAIHOHAPHYIO TOUKY Xo(a) 11 a = ag, T.e. V(Xo(ag)) = 0. Onpe-
JIeJIUM OIlepaTop JIMHeapu3alluil KaK HempepbiBHOE oToOparkeHHe KacaTeabHoro K M mpo-

crpaHcTBa B cebst: dv (X, ag) 1 Lxy M — Xy, M, tae dv(xg, ap) = (0v;/0x;)|,_, . IIpu srom

X=X
JINHeapU30BaHHOE YpaBHEHHE OYIeT MMEeTh BHJL: E = dv(xo, ag)g, E € Yx,M, n orobpaken-
e dv(Xg, ap) KoopauHATHO He3aBucuMo. OTBET Ha BOMPOC 06 YCTONYMBOCTH TOYKH X JIA€T
u3BecTHast Teopema JIsmyHosa (cMm., Hampumep, [37, 39, 42, 43]). CorracHo s1oit Teopeme,
eCJIM COBOKYITHOCTD COOCTBEHHBIX 3HaueHuii (cnekrp) ¥ = {\;} oneparopa dv(xg, ag) npuna-

JIeKUT JieBoil mosymiiockoctn, ¥(dv(xg, ap)) C {z € C| Rez < 0}, o Touka X, sBIs€TCS



yeToiuuBoii; ecu cymectsyer A € 9(dv(Xg, ag)), A1 KoTroporo Haiigercs Re\ > 0, To Touka
Xo HeycroitunBa. Hakoner, Bo3MoxkHO, uro ¥(dV (X, ap)) C {z € C| Rez < 0} u cymecrByer
A € Y(dv(xg,ap)) ¢ ReA = 0. Takag curyanusi sBASETCS HOTHIHYIHON, W YCTOHYHBOCTD
TOYKH X( He ONPEJEJIsIeTCsI 10 CIEeKTPY COOCTBEHHBIX 3HaYeHUi oneparopa dv(Xy, ag). B srom
cyvae HeoOXOAUMO HCIIOIb30BATh JOMOJHUTEIbHBIE METO/IbI UCCIEOBAHUS (CM., HAIPUMED,
143, 44, 45]).

JomycTuM, 9T0 cTalOHapHas TOUKa X MOJIA V yCTORUINBaA 114 @ < (o M HEYCTORIMBA /15
3HAUeHHs a > ag. Torga mpu a = ag HEKOTOpbIe W3 COOCTBEHHBIX 3HaueHuit {\;} mepeiayT
B IIPaBYI0 MOJYILIOCKOCTh. B 3TOM ciaydae mmeer MecTo GudypKamyusa IMOTepH yCTONIHBO-
CTH TOYKH Xg, U OCHOBHOII BOIPOC COCTOMT B HCC/IEJIOBAHMU MOBEJICHHS CHCTEMbI IpH ¢ >
ag. budyprammonnass teopema AmHapoHOBa-XoImda YTBEPKIAET, U4TO €CIH JABa KOMILIEK-
CHO COTPSIZKEHHBIX HEHYJIEBBIX COOCTBEHHBIX 3HAa4YeHUs (A, A*) yIOBIETBOPSIOT YCIOBHIO
Re)\(a)‘ < 0, Re)\(a)‘ =0, Re)\(a)‘ > 0, [d(Re)\(a))/da]‘ > 0, a ocrajbHas

a<ap a=agp . a>ap a=ag

9aCTh CIIEKTPa OCTACTCS B JICBOH MOJIYIJIOCKOCTH, TO MPOMCXOAUT POXKICHHUE NPeIeJbHOrO
UK ¢ nepuogom 7o = 27 /| A (ag)| u paguycom, pacryumm Kax y/a — ag. Bonpoc 06 ycroituuso-
CTH POXKIAIOMIErOCs MPH 3TOM IMKJIA PEelIaeTcs IyTeM ONpeJe]eHust 3HaKa NepBOM JISAIyHO-
BCKOI BeTMUUHbBI L1, IPOIEIypa BEIYUCIEHHA KOTOPOM JOCTATOUHO CJIOXKHA U MOAPOOHO OII-
ncana B paborax (38, 39, 46|. Ecom L; < 0, to uuks ycroitaus. Ecian xe Ly > 0, T0 poxk-
JAIOIIAICA UK gBJIsgeTCa HeyCcToORduBBIM. B ciaydae, korga Ly = 0, TO IpH BBIIOJHEHAH
yeaosust [d(Re(a))/ da]‘a_ao > (0 uMeer MecTO JIOKaJIbHAsl eIMHCTBEHHOCTH DPOZKIAOIIEr0-
¢ MUKJIA, YCTONYMBOCTH KOTOPOTO ONpeIeseTcsa 3HAKOM BTOPOM JISMYHOBCKONH BeJMYHHBI
Lo |37, 38, 46]. Ecin e L; = 0, i = 1,2,..., T0O Ipu a = ag CYIUIECTBYeT CEMEHCTBO Heu-
30/IMPOBAHHBIX IUKJIOB |38, 47].

C ¢dusnueckoil TOYKH 3peHUsT MHTEPEC MPEJCTAB/IAIOT JHUIIL YCTOWUYUBBIE IIPEIeIbHbIE
IMKJIBI, TOCKOJIBKY HEyCTONYMBBIC IMKJIBI OOBIMHO HeHabsomaeMmbl. 11osroMy GyaeMm mog-
ararb, 4TO B pe3ysabrare 6udypkanuu AHIpoHOBa-X0I]ha POIUICH YCTORIMBDIIT Mpeae LB
muk1. Budypkanum GpasoseIx HOPTPETOB JUHAMUYICCKAX CHCTEM B OKPECTHOCTH yCTONYIHBOrO
IMKJIa TOJHOCTHIO OMUCHIBAIOTCA OM(yPKAIMAME COOTBETCTBYOMIEr0 NPeodpa3oBaHusa MOHOIPOM-
1K 0TOOpaKeHHs TPAHCBEPCAJLHON MUKy ILTomaaki B cebsa. Takoe mpeobpasoBaHue 4acTo
Ha3bIBaIOT oToOpazkenneM Ilyankape. [Ijist ero mocTpoeHus pacCMOTPHM YCTONUUBLIA UK
v(a) moToKa, MOPOXKIAEMOr0 BEKTOPHBIM mojieM V(X, a). Beibepem Touky X € 7y(a) u Hek-
OTOPYIO TPAHCBEPCAIBHYIO CEKYILyI0 S, mpoxoadaniyio depes Xg. Orobpakenune [Tyankape P,
IePeBOIUT JIOOYI0 TOUKY X U3 MaJoll OKPECTHOCTH TOYKU Xo € S B Ty TOYKY, IJIe MOTOK
T! nepecekaer S. [ukn y(a) noroka T! asasercs ycroituusbiM, ecin U(dP,(X)) C {z €
C| |z| < 1} u meycroiiuuBeim, ecn Hajigerca A € 9(dP, (X)) Takoe, aro |A| > 1. Ctano GuITh,
IIOCTIE/YIOIIAs SBOIONUS TUHAMUIECKONR CHCTEMbI ONPEIEIIeTCS XapaKTepoOM COOCTBEHHBIX
3HaYeHUil (MyJbTHIUIMKATOPOB) TpeobpasoBanust dP, nuk/ia B cebs. 31ech BOSMOKHBI TPH
OCHOBHBIX C/Iy4as, KOTJa Ha eJIUHIYHYIO OKPYZ?KHOCTD BBIXOAAT JUOO OJMH MYJILTUILTAKATOD,
paBublii +1 mam —1, 1ubo ABA KOMILIEKCHO CONPSIZKeHHBIX MYyJIbTHILIHKATOPa. B IepBom
CIydae B OTOOparKeHHH MMEET MECTO DOXKJEHHEe WM HMCUYE3HOBEHHE Maphbl HEIIOIBUZKHBIX

TOYEK, YCTOWYMBON W CeJJI0BOl, 4TO B mnpocTtpanctBe M cOOTBETCTBYET MOSIBJCHUIO WU



NCYE3HOBEHUIO YCTONYUBOIO WM CEJJIOBOTO TpeIedbHBIX MUKI0B. C Oudypkanueit poxKieH-
st (MCYE3HOBEHMsI) MPEIebHOIO IUKJIA ¢ MYJbTHIUIMKATOPOM +1 CBS3aHO POKJIEHHE Xaoca
qepes MepeMezkaeMOoCThb (CM. HUZKE).

[Ipu mosiBjieHWEM MyJIBTHILINKATOPA, PAaBHOTO —1, peaju3yloTcsl JBa KAadeCTBEHHO pa-
3UYHBIX cTydasd. Ecim nepBoHaYaJbHO B I'DAHHUILY OOJACTU TPUTSKEHUs UCXOTHOTO IHK-
JIa TMepuoja Ty BXOAWJI CEJJIOBOW MUKJI NMPUOJIU3UTEHHO YABOEHHOIO MEPUOJa 27y, TO C
POXOZKIEHUEM MYJIbTUILINKATOPA Yepe3 —1 31u mukjel cauBatores. [Ipu sTom B pacemarp-
nBaeMoOii 06J1acTH He OCTAeTCA YCTOWYMBLIX TPACKTOPHil, a MCXOJHBIH IMUKJ CTAHOBUTCA Ce-
JioBeiM. B orobpakenun dP, 3TOT MPONECC BBHIIVISJIUT KaK CIAUSHUE YCTOWYMBON U JIBYX
CeJIJIOBBIX TOYEK B OJHY CeJIOBYIO. B Ipyrom ciiydae oT TepAONMEro yCTOWIHMBOCTD IHKJIA
neproja Ty OTBETB/ISIETCS IMUKJI TPUOJIU3UTE/THHO YABOGHHOIO TEepHuojia, 7 = 27, KOTOPBIil
ABJIETCS yeToldnuBbIM. [lasbHelinmee yBeIndeHne yupaBasioniero napaMeTpa MOKeT TPUBECTH
K CHUTYAIMH, KOT/Ia Ha, KOHETHOM WHTEDBAJ/Ie U3MEHEeHUs mapaMeTpa Pon30iiieT OeCKOHETHOe
qucio OudypKaruii yiBoeHust Iepruo/ia yCTOWIUBOTO MPeeIbHOTO IIHK/Ia. DTOT KacKa, 1 Ondypk-
anuii MeeT MecTO B TUOUIHOM ceMeiicTBe, W MPUBOIUT CUCTEMY OT YCTOWYHBOTO IMEPUO/I-
MYECKOIO PeKMMa K Xaocy (CM. HUKe).

JlomyctuMm, 9TO MpHU @ = @1 €AUHUYIHYIO OKPYKHOCTH IMEPeceKaloT IBAa KOMILTIEKCHO-
COTPsIZKEHHBIX MYJIbTUILIHKATOPA oTobparKenus dP,, npudem d|\(a)|/ ala‘a:a1 > 0, a ocrajabHas
dacth crekrpa U(dP,) octaeTcs BHYTPU eJIMHUIHON OkpyzxkHOCcTH. Torma mpu a > a; B
orobpazkennu d P, n3 Tepsroleit yCTONINBOCTh HETIOABUZKHON TOUKN POXKIAETCS HHBAPUAHTHAS
OTHOCHUTEIHHO 0TOOPAZKEHUsI OKPYKHOCTH. 'TeM caMbIM B HCXO/IHO CHCTEME POKIAETCS NHBAPUAHTHBIIT
TOP ¢ IWIOTHOI 00MOTKOi. [Ipn n3menennn nmapamerpa, BooOIe TOBOPS, YHCI0 BpAIleHus HA
TOpEe MEHSIeTCs, OH WCIBITHIBAET PE30HAHCHI, 9TO MPUBOIUT K TOSIBJIEHUIO W UCIEIHOBEHUIO
B OECKOHEYHOM KOJUYECTBE TPeJIeTbHBIX ITUKIOB, PACIOIOXKEeHHBIX Ha Tope. C maapHeiimmm
pPOCTOM MapaMeTpa TOp TepsieT IJIaJIKOCTh U MOZKET MPEBPATUTHCA B CTPAHHBIN aTTPAKTOP,
COOTBETCTBYIONINIT XaOTUIECKOMY MOBEJIEHUIO THHAMUYECKON CHCTEeMBI.

Takum obpasom, OudypKamuu JgazKe TaKOro JOCTATOYHO IPOCTOr0 OO'beKTa KakK ITpe-
JeJIBbHBII IIMKJT TPUBOJSAT K POZK/IEHUIO HETPUBUAIBHBIX MHOYKECTB (HAIIPUMeD, HHBAPHAHTHBIX
TOPOB, COCTOSTINX U3 GECKOHETHOIO MHOYKECTBA TPAeKTOpHii). [Ipi H3MEeHeHUH YIPaBIISIIONIEro
napamMeTpa MCCIe0BaHne BO3MOKHBIX OU(ypKaINii TAKIMX MHOXKECTB CUJILHO PA3BETB/ISIETCS
(eMm. 06 Tom [37]). OHako HAC MHTEPECYIOT, B OCHOBHOM, OU(DY KA, TPUBOJISIIIE K BO3H-

NKHOBEHHIO Taomu4ecrkozo NoBeJCHUA JTUHAMHUYCCKUX CHUCTEM.

2.2 YaBoeHHe mepuoaa

[Tpex e Bcero, ocranoBuMcst Ha Gudypkamun yaBoenus nepuoja [36, 37, 41, 48, 49, 50|. Dra
ordypKaIus IMeeT MeCTO TIPU MPOXOKICHUN MYJIbTHILTHKATOPa A(ag) mukia y(ag) mepuoaa
Tp 1epe3 —1: ¢ JIOCTHIKEeHUeM 3HAUeHUs a = a1 MUK 7 (ag) CTAHOBATCS HEYCTONYUBBIM, U OT
HEro OTBETBJISIETCs] HOBOE YCTOHYMBOE meproandeckoe perenne 7' (ap) nepuoga 11 = 271. C
JATbHEHIINM YBeJIMYeHueM mapamerpa, a > ap, 3Hadenne A (a) MeHseTCs, HO MU a = ag
MyJabTHIIHKATOD N (ag) = —1 u mosiBasiercss nukJ nepuoga 7, = 27 = 41y. U Tak masnee.

[TocremoBaTenbHOCTD OMMDYPKATMOHHBIX 3HAYEHHIT YI0BIETBOPSET MACIITAOHOMY COOTHOIIIE-



HUIO 4, = (s — const - 6™ (mme § = 4,6692016091... — mepBas nocrosiuHas Peiiren-
bayma) W MMeeT Ipejest n%l_rgo (m = Goo- LIpu 3TOM OUbYpUHPYIONIKE UK/ CXOAATCS K
HEKOTOPOMY WHBAPUAHTHOMY MHOKeCTBY (arTpakTopy Peiirenbayma), CTpYKTYpa KOTOPOTO
SIBJISIETCS KaHTOPOBCKOW M HE 3aBHCHT OT pacCMaTpUBaeMOro cemeiicrsa ypasuenuii. [Ipu
mepexojie depe3 MpejebHOe 3HAUEHUE, 4 > (s, B JIO00il MOTYOKPECTHOCTH STOTO MapaM-
eTPUIECKOTO MHTEPBAJIa MMEIOTCS 3HAYEHUsl mapamMerpa a, JJjIs KOTOPBIX CYIIecTByeT abdc-
OJIFOTHO HENpepbIBHASI MHBAPDUAHTHAS Mepa, T.€. INHAMUKA, CUCTEMbI SBJISETCS XaOTUIECKOI.

YHuuBepcaabHOCTh OudypKaImii YABOCHUS Heproia 00bICHIETCS TPH TTOMOIH PEHOPM-
rpymmosoro nojaxoza |51, 52, 53|. Pacemorpum geTHOe yHIMOZAIBHOE OTOOPaZKeHIe HHTEePBAJIA
I B cebst, onpesiessiemoe cemeiictBoM f(a, x). JTomycTuM, 9TO B AUANA30HE H3MEHEHHS TTapaM-
eTpoB OT Qp 1O Qgii TPOM3BOLHAS (df@k)(x,a)/dx) ‘x—x(l) MOHOTOHHO yObIBaer or 1 1o

=T
—1, tme ) — onma m3 Touwex mepmommueckoii Tpaektopun nepuona 2¥. Ciexosaresnbo,
B uHTepBase (g, k1) HANIETCA Gf TAKoe, YTO (df@k)(x,dk)/dx) ‘:L‘*w(l) = 0. 1o mapam-
—va

eTpPUIeCKOe 3HAYCHNE XaPAKTEePU3YeTCs TeM, ITO TOUKHU MePUOTUIECKOI Tlf)aeKTopI/n/I SIBJISTIOTCS
cBepxycroitunBeiMu. [lodTOMY B OKpecTtHOCTH T = a:gc)_l rpacduk GYyHKIII f(zkfl)(x,dk)
ACUMITOTHYECKH BBITJISIAT TaK Ke, KaK U rpaduk st f(2k)(a:,&k+1) npu k — 00 mocie
COOTBETCTBYIOIIEr0 MACIITAOHOTO Mpeodbpa3oBanus. PaKTUUECKH, OTHAKO, COBIAIAIOT IEJThIe
cemeiicrna: [ (z,a) B G < a < dpy 1 fC)(2,0) B Gpiy < 0 < Gnyo

Takum 06pa3oM, TOCIe0BATETHHO YABANBASI CEMEHCTBO OTOOPAaKEeHU U TIPOM3BO/IT MACIITAOHBIE
npeodpa30BaHUsI, IOy YUM B TIPeJiesie CeMeHCTBO OTODPaKeH I T, HHBAPUAHTHOE OTHOCHTETHHO
IPOU3BEIEHHBIX OMepalyii 1 He 3aBHCAINee OT BRIOOpA HAYATHLHOIO OTOOpArKeHUs. JTO YH-
UBEPCAJILHOE OTOOpaYKeHNe MOZKET OBITh OIPEJENeHO depe3 mpeodpa3oBaHue yaBoeHus: T .
[Tycts x = 0 — Touka makcumyma f. O6osnaunm kak o = «(f) = —f(0)/f(f(0)). Torma

1

uarepBan [—a ', o~ mox neiicreuem T mepeiizer B [f(a!), f(0)]. B cBoo ouepenn, sTor

unrepsa/ orobpasurcs na unrepsadi [f(f(0)), f(f(a™))]. Mycrb a > 0, f(f(a™)) <a™!, o' <
fle™h), f(0) > 0. Baromenyuae [f(f(0)), f(f(e)] C [~a~ o] u[f(a™h), fO)]N[-a! a7'] =
(). Takum o6paszom, byuxuust h(z) = —af(f(a~'z)) Gyaer Buosb dyHKIMeil, KOTOPas MOPOK-

JlaeT YHEMOIAIbHOe oToOpazkeHne narepsana I B cedsa. [IpeobpasoBanue yapoenus 7T ompe-
nensiercs cieayouum obpasom: (T f)(z) = —af(f(—a™'z)), a = —f(0)/f(f£(0)). Ono um-

eeT HeMOJIBUZKHYIO TOUKY ¢(), M CIIeKTDP JIMHEapH30BAHHOIO MPeobpa3oBaHusl B 9TOi TOUKe,

DT (g), nexkuT BHYTPU e JUHAYHOTO KPYTa 33 UCKITIOYEHHEM OJHOTO COOCTBEHHOTO 3HAYEHMS,
paBHOrO nepBoit mocrosiauoi Peiirendayma 0.

Pacemorpum MHOXKECTBO U, COCTOsITIEE U3 YeTHBIX YHUMOIATHHBIX OTOOPaKeHN it HHTepBaJIa.
Tonycrum, uro f'(0) = 0; f(0) =1; f(1) = —a < 0; b= f(a) > a; f(b) = f2(a) < a.
[Tycts H oGo3HavaeT 6aHAXOBO MPOCTPAHCTBO YeTHBIX byHKuuii f(z), a Hy — ero moampo-
CTPaHCTBO, cocrosiee n3 dbyukuuii f, yaosiaersopsionmx coornomrerusim f(0) = f'(0) = 0;

Hi = Ho + 1. Torga moxkuo nokaszarh [52, 53, 54|, 4ro cymecrByer YeTHas aHATUTHYECK-
as dbyukmug g(x), npeacrapumag kak g(z) = 1 — 1,52763z% + 0, 104815z* — 0.026705725 +

. ¥ WHBapHaHTHAs OTHOCHTEIHHO NpeobpazoBanus yasoenus 7. Ilpu srom a = a(g) =
2,5029078750... — BrOpas yauepcaabnas nocrosguanas Peiirendayma. bomee Toro, cymecrByer

OKpecTHOCTD V, TOUKH ¢ B IpocTpancTBe H ;| Takas, 9To mpeobpasosanue yasoenns T orobpa-



kaer V, B H;. JIuneapusosannoe npeobpaszosanue yasoenus, D7 (g), iMeeT pacTaruparore-
ecsi OJITHOMEPHOE MOJITPOCTPAHCTBO M CKUMAIONIEECH MOJIIPOCTPAHCTBO KOpasMepHocTH 1.
B pacraruBaomeMcsi HOAMPOCTPAHCTBE COOCTBEHHOE 3HaueHue omneparopa DT (g) paBuO 0.
DTUMHU CBOWCTBAME OOBSICHSIETCS] YHUBEPCAJTHLHOCTD Y/IBOCHUSI.

Bosbiioe 9ucao 3KCHepuMEeHTANIbBHBIX U THCIEHHBIX HCCaeqoBaHuil (cM., Hampumep, [55,
56, 57, 58, 59, 60| u HUTHPOBAHHYIO TaM JIUTEPATYPY) MOKA3aJH, YTO YHUBEPCATIbHBIE CBO-
ficrBa OudypKaluil yIBoeHUsI BCTPEYAIOTCS B IMHAMUYECKUX CUCTEMaX, He UMEIOIIUX CBSI3H C
0TOOpaKeHUSIMHU HHTepBaJia. ITOT (PAKT YKa3bIBaeT Ha TO, YTO MHOTOMEPHBIE OTOOPAXKeHUT
YCTPOEHbI TaK, 4YTO IO OJHOMY HaIIPpAaBJIECHUIO OHHU Ka4Y€CTBEHHO OIIMCBIBAIOTCA ceMeCcTBOM
OIIpeJIeIEHHBIX OJHOMEPHBIX OTOOparkKeHHUil, a IO OCTaJbHBLIM HAIPABJICHHSIM HMeeT MeCTO
cusibHOe cxkatne. Toanast GOpMyJIHPOBKA OMMCAHHOTO CBOMCTBA JaHa B padborax |52, 61].

YHIUBEPCATLHOCTH MOYKHO MPEJICTABUTD M HHBIM c1iocoboM (62, 63, 64|, ncrmonb3ys mousitme
CHEKTPAJIbHON 1I0THOCTH. TaKoit mo/IX0/ sIBIIeTCs He CTO/Ib aDCTPAKTHBIM, U MOXKET ObITh
T1 KaK Ymt1 (t)a rae
t — BpeMs, BBIPa;KeHHOE B TePMUHAX MCXOMHOTO MuKaa yy (t) mepuona 7, t/7 = 1,2, ..., 2™+,

OATBEPK IeH IKCIepUMeHTaIbHO. OG03HAMNM UK/ HePHOAA, Ty = 2L

LUK Ypmy1(t) oTBeTBISIETCST OT LUKIA Yy, (t) B pe3ysbrare GudypKamum yaBOeHUs, KOIJIA
nmapaMerp a JOCTHTAeT 3HAYEHUS Uy, 1. OH yCTOHYNB B HHTEpBaie ¢ € [Gmi1,0mi2). Ha

miiockoctu [IyaHkape paccrosiuue MezK/y TOYKaMU TAKOI'O IUKJIA OTPEeIe/ MM KaK

Ani1(t) = Ymr1(t) = Ymyr (E+ ) (2)

0Ie Ty = 27T = Tpyp1/2. Pacemorpum ckeitimaroByo GyHKIMO [65], onpeaensonyo J10K-

aJbHOE W3MeHeHne Macuitaba (CKeHJIMHT) BOIU3M M-T0 MUKIA IPU KaXKIOM YIBOEHUH Iep-

noJIa;
Am-i-l (t)

m(l) = ———= . 3

onlt) = S )

[Tockombky Api1(t + 7o) = —Apyi(t), T0 0 (t + 7)) = —o(t). Temepb MOXKHO crenaTh

3aKJI04YeHne 00 AMIIJIATYJaX TapPMOHUK B YaCTOTHOM CHEKTpe, KOrla IMepuod yABanuBacTCHd.

CuekTp nuKJIa ¥y, () nepuogar, MOKHO BbIpa3uTh yepe3 Dypbe-kommonenTsr by

2milt

(4)

Ym(t) =D _b" exp

] m
B pesyabrare (m + 1)-oit Gudypkamum B TaKOM CHEKTPe B JIONOJHEHHEe K 9acToTaM [w,, | =
1,2, ..., nosgBuBmIMMCS K m-oii 6udypkamuu, Ha 4acrorax kw,/2,k = 1,3,5,... BO3HUK-
aer 2™ HOBBIX cyOrapMoHuK. [IpegctaBuM MUK Yy, 1(t) caeayommmM obpasoM: Y, 1(t) =
(1/2)[Aps1(t) + Dma1(t)], vae Aypq(t) onpenensierca u3 (2). Torna nyi1(t) = Ymar () +
Yma1(t + 7). OueBugno, Nmi1(t + 7)) = Nma1(t). CoekrpasibHoe pasioxkenue QyHKIHH

Nm+1(t) OyAeT comepKaTh TOIBKO 9aCTOTHI [Wy,, TOCKOJIBKY

L ikt
bt = / "t Nm+1(t) exp | — ik =
Tm+1 /0 Trm+1

L p2mm mikt
= 9 / dt Nm+1 (t) exp| ——| = (5)

Tm, /0 o

Lo k mikt
= o /0 dt [77m+1(t) + (=) e (t + Tm)] exp —? =0 .



B 10 ke Bpemsa, aMminTya KoaedbaHui ¢ yactroramu [w,, ocTaHeTcsa TOW Ke, TaK Kak

1 Tm 2milt
b= 1 [ dtexp (— i )ym(t>. (6)

T J0 Tm
[Tocsie yaBoenust nepuosa, Tpy,11 = 27T,,, HalgeM, 9TO

5 = o [ 0+ (1 0 )] e (<220 ). )

Tm Tm

Ecnu | — gernoe, 1o mojabiaTerpaibias dyukmuii B (7) paBHa 1,41 (t). CremoBarensHo,

1 fmm 2milt
bt = ?/0 dt Nmv1(t) exp <— ) ~

Tm
1 [ omilt
o L 7 g (8) exp (— ) ~ (®)
Tm Y0 Tm
1 (™ 2malt
~— dt Y (t — =0 .
—J, y()GXD( m) m

B nporuBononokHoCTh GYHKIWA 1)y, 1 (1), ciekTpasbHas miaoTHocTh OyHKIun A, 41 (1)

COZIEPZKHUT TOJIBKO CyOrapMOHUKH Awp,/2. CyMMapHas HHT€HCHBHOCTb THX CIEKTPAJBHLIX
Tm+1
KOMIIOHEHT JaeTCst HHTerpatoM I y1 = (1/7my1) [ A2 (t)dt. TTosromy, menons3ys Beamanmy
0

om(t), Haiigem:

I =5 [ "R ML 0= [T ok ()% (1)t )

2T T

Kaxk usBecrno [65|, npu Gonbuux m macmrabuas GYHKIUSA 0y, (1) Xopomo npubinkaercs

COOTHOIIIEHUEM
1/a, 0<t<T1,/2,

om(t) = (10)
1/a?,  1,/2<t<Tm,
rie o — BTopad nocrogunasg PeiirenbaymMa. SHAUAT, MOKHO ONEHHTh HHTEHCHBHOCTD CIICK-

TpaJIbHBIX KOMIIOHEHT KaK

1/1 1 1 171 1
=} (L L)L =L (L4 1), 1
mH T a2+a4 T JO m(®) 2 a2+a4 " (11)
Wnu, okonvareibHO
I 1 1y !
m :2(—+—> . (12)
y a? ot

Takum 06pa3oM, HHTEHCHBHOCTH HOBBIX CIIEKTPAIbHBIX CYOTapMOHUK, IMOSB/ISIONUXCSI B pe-
3yJibraTe OugypKalun yJIBOCHUsI, BCETIA B NOCMOAHHOE TUCI0 PA3 MEHbINe, 9eM HHTEHCHUB-
HOCTh CyOrapMOHUWK, BO3HUKIIHUX B HPEJbIAYILYI0 OudypKaluioo, U He 3aBUCUT OT HOMEpa,
oudypkanuu. Eciu B cucTeMe nMeercs BHEIIHUI IIyM, TO, 9YTOOBI ciaeayiomast oudypkaius
yJBoeHusi Obla HabJII0aeMa, ero JUCIepeusi, Mo OleHKaM, JaHHBIM B paborax [66, 67, 68|,

JIO2KHA OBITH B 6,619... pa3 MeHbIIe, YeM aMILTATYAa CyOrapMOHHK.
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2.3 IlepemexkaeMOCTBH

JIlpyroif myTh K XaoCy peajn3yercs depes mnepemerkaemMoctb. CTporuit moaxos K 9TOMy SBJI€H-
M0 MeHee Pa3BUT, MMOCKOIBKY HEBO3ZMOYKHO TOYHO ONPEIeTUTh, TPH KaKAX MapaMeTPpIIecKuX
3HAYEHNAX JIOCTUTAETCS PA3BUTHIN XaOTUUECKHUI PEeKIM.

Buepsbie nepexos K xaocy 4depe3 HepeMezkaeMOCTh HCCIeJ0BaH Ha MPUMeEpPe CUCTEMbI
Jlopenna [69, 70, 71|, oqHAKO HECKOIBKO paHee BOSMOKHOCTD MOSBJIEHUS KACATENbHOI iy pK-
anuu OblIa TOAPOOHO ommcaHa W cTporo obocHoBaHa B paborax [72, 73|. ITepemerxaemo-
CTh CBHUJIETEJILCTBYET O POKJEHUU XAOTUUECKOTO ATTPAKTOPa MOCPEICTBOM HCUYE3HOBEHUS
HOJTIy yCTOWIMBOTO TIPEJIEIbHOIO MHUKJA. DTO MPOUCXOAWUT, KOIJIA (G = (1 U MYJIBTUILINK-
aTop NMHKJa UMeeT JeificTBUTE/TbHOEe cOOCTBeHHOE 3HadYeHne +1. B 3ToT MOMEHT MpOucXoauT
CTUSTHUE YCTORYUBOTO U HEYCTOMYMBOTO IUKJIOB B MOyycTOiunBbIil. B oToOpaxkenunu I1yank-
ape takasi OudypKalusi BbITJISIIUT KaK CJIUsSHAE YCTONYINBOI ¥ HEyCTONIMBON HENOIBUKHBIX
touek. C mepexoj oM uepe3 KpUTHIECKOe 3HAUEHUe a1, ¢ > (1, MOJYYCTONUUBBIH UK/ UCUe-
3aer. TunuyHoe nmoBejieHue CUCTEMbl BOJIM3U 3HAYEHUN @ > a1, a4 =~ @1, OyJeT MOYTH Tep-
HOJIMIECKUM, HO TPEPBIBAIONINMCI KOPOTKUMH XaOTHYEeCKUMH BemiecKamu. C yBeJndYeHHeM
napaMeTrpa YMUCI0 XaOTUYECKUX IMYJIbCAlUl yBEJIUUYMBACTCS U TOCTEIIEHHO HACTYIAeT Pa3B-
HATBIA Xao0cC.

Orobpaxkenne [Iyankape mo TpaekTopusimM, TPOXOIANIAM B OKPECTHOCTH MOJIYYCTORINBOTO
IMKJIA B HEKOTOPBIX Koopaunatax (z,7y), € R, y € R"! zanuceiBaercs kax [48]: zp,, =
fzg,e) = xp+ i+ by +e, yi1 = Alwg, €)yr +q(@k, Yi, €), D€ ¢ — HennHelinas GyHKIuS,
IAi] < 1, A € 9(A(0,0)), € = c¢(a —ay) + ..., ¢ > 0. IlepBoe cooTHOIIEHHE OMUCHIBAET
JUHAMEKY 0TOOparkKeHusl Ha EeHTPaJbHOM MHOTrooOpasuu. Paccmorpum ero noapobuee. [1pu
€ < 0 mouTm Bce TPaeKTOPWHU NPUTATUBAIOTCI K €IUHCTBEHHOU YCTOWYIMBON HEMOIBUZKHOM
Touke oroopazKkenud. [Ipu e — 0 K Heit mpubaMKaeTcs HeyCTOTInBas HEIOIBUKHAsI TOUKa. B
MoMeHT € = () B HavaJie kKoopanHaT T = () TPOUCXOAUT CIAUSIHUE YCTONINBOI M HeyCTORIMBO
TOYeK B OJiHY mosyycroitaunByto. C mpessiienuemM OngypKanoHHOro 3uadenust, € > 0, sta
TOUYKa mcue3aer. JlomycTum, 9T0 0JHOMEPHOE OTOOpaXKeHNe UMeeT YIaCTOK, MOPOKIAIONITi
caoxkHy0 quHamuky. Tormga npu a &~ a; (Ho npu £ > 0) nuarpammva Jlamepesi Takoro oTo6pa-
JKeHns Oy/IeT MpeJCcTaBasITh COOOH JMTUHHBIM HMEePUOJAMIECKHIT yIACTOK, COOTBETCTBYOIIHI
HPOXO/Ly B JIOCTATOYHO MaJjioii okpectHocTn U HavaJsia KOOPAMHAT M XaOTUYECKUIl BCILIECK,
KOTOPBIil 3aBepimaeTcsd mpu HoBoM nonaganuu B U. U1 tak nanee. [ToBenenne, Bo3HUKaomee
B cuCTeMaxX Npu oOpaTHO KacareJbHON OUdypKal, Ha3bIBACTCS MEPEMEKAeMOCThIO 1-20
poda.

[TepemeskaeMOCTh MOZKET BO3HUKATH U B JAPYTUX caydasax [63, 71, 74|. B wactHocTu, ecin
orobpazkenne [Tyankape Ha meHTPaIbHOM MHOTOOOpa3nu (B MOASPHBIX KOODAMHATAX) UMEET
BUAL Ty = (L+&)r,+br; 0,01 = 6, +c, TO cucTeMa POABIAET MEePEMeKAEMOCTD 2-20 poda.
OcHOBHOE OT/IHYHE OT TIEPEMEZKAEMOCTH 1-I0 PO/ia COCTOUT B TOM, YTO B PE3Y/IbTATE CAUSTHUS
YCTOMYMBON U HEYCTOMYNBOW HEMOABUKHBIX TOUYEK OHU He NCUYe3al0T, a IIPOUCXOJUT Iepeaada
HEYCTOWIMBOCTH OT HEyCTOWYMBOW TOUKM K ycroitunBoii. [lepemerkaemocts 3-20 poda BO3H-
mKaer, ecu orobpaxkenme [lyankape samumiercss Kak Tp,; = —(1 + &)z, — bx>. B stom

crydae m300pazkaronas TOUKa MOAXOMUT 110 CIUPAId K €IMHCTBEHHON YCTOIYNBON HEIOIB-
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IKHOM TOUKe, a MePeMeKaeMOCTh MOSIBJISIETCS BCIEJCTBUE TTOTEPH YCTONYHBOCTH: JIECTHUIA
Jlamepes: npejcTaBsier coboii MeJJIEHHO PACKPYYHBAIONLYIOCS CIIUPAIb.

[TepemezkaeMOCTh TAKKe MOIIAETCS OMMMCAHUIO B PAMKAX PEHOPMAJIN3AHOHHOTO MOIXO0IA.
B ommyne oT cigHapus yABOEHUsI IEPHOJIA, TOT MOIXO/ JOITyCKAET TOYHOE pereHne hyHKI-
nonanbHoro PT" ypasuenus |75, 76]. O6006muM byHKIUIO, OMUCHIBAIOILYIO JUHAMHUKY 0TOODa-
JKeHUsT Ha HEeHTPAJbHOM MHOrooOpasum tak, 9robbl npn © — 0 ona umena Bux: f(z) =
x + blxz|?. Torma B exmumanom wuurepsase, I = [0,1], Bropass wrepauus, T.e. GyHKIUS
f(f(z)), mocie coOTBETCTBYIOMIEr0 MACIITAGHOTO MpPeoOPA30BAHUS JEMOHCTPUPYET TO JKe
nosesienne, uro u ucxoanas gyuxuus f(x). CremoBarebHO, MOKHO 3aIIUCATH COOTHOIIEHUE
VHUBEPCAJTBHOCTH Y€pe3 OIePATOpP y/IBOEHHsI, IPUMEHIeMbIil K HEIOIBUKHOIT ToUKe ¢(r) Kak
Tg(x) = af(f(a™'r)), Tg(z) = g(x). Tpannunble ycioBus B 9TOM Cydae OIPEIISIOTC
crepytomum obpasom: ¢(0) = 0, ¢'(0) = 1. IlpeacraBum orobpakenue =’ = f(r) B HesB-
oM Bune, F(2') = F(z) — a, e. 2/(z) = F7'(F(z) —a) = f(x), tae a — napamerp.
Torna az”(z) = 2'(ax). ostomy F(az") = F(2'(ax)) = F(ar) — a. Takum obpasom,
1/2F(2") = 1/2F(x) — a. Hus moro, urobbl F COOTBETCTBOBAJIO YPABHEHUIO Y/IBOCHHS,
HeoOXoUMO BbINOAHEeHHe paseHcTBa 1/2F*(x) = F*(ax). OHO aBTOMATHYECKH yUTETC,
ecm BHIGpaTh F*(z) = |2|~C~Y o = 2Y/E1, Crenosarensuo, g(x) = F* (F*(z) —a) =
(Jo|7=Y — a)~YCE=Y Tpu a = b(z — 1) ynkuus g(x) Gyaer yIOBIETBOPATH 3aIaHHBIM
TPAHUYHBIM YCToBUAM. TakuM 06pa3oM, /I epeMeskaeMOCTH 0TOOpazKeHne HeloBUKHO
TOYKHN CBsi3aHO ¢ TpaHcasuueii F(x') = F(z) — a. PT' ypaBHenue st Magoro BO3MYIIEHHsI
HEIO/IBIZKHO TOYKH TaKzKe JOMyCKaeT TOYHOoe perrenue [77].

Bosbioe 3HaueHne HMCCTIeI0BAHHE PEHOPMAJN3AMOHHBIX YPABHEHUI MepPeMerKaeMOCTH
proGPEIO MOCIe TOro, Kak ObLIO MOKA3aHO, YTO ¢ UX MOMOIIHI) MOYKHO YHHBEDCAJILHBIM

06pa3oM OObSICHATH TPOUCXOKIeHNe (DIUKKep-IIyMa B HeJMHEHbIX cucTeMax [63, 78, 79].

2.4 Pas3pymenune Topa

Budypkamnun 1BymMepHOro Topa, poAUBIIErOCS B pe3yIbTaTe Mepexoa Hapbl KOMILTEKCHO CO-
NPsIZKEHHBIX COOCTBEHHBIX 3HAYEHUIl IUKJ/IA Yepe3 eJIMHUIHYI0 OKPYZKHOCTH, TaKyKe MOIYT
HPUBECTHU K TMOSBJIEHUIO Xa0Ca B JUHAMUYECKUX cucTtemax. [Ipu 3ToM mI10CKOCTH mapaMeTpoB
JIMTHAMHIYIECKON CHCTeMbl pa30UBaeTCs Ha PE30HAHCHBIE SI3bIKH, OTBEYAOIIe HAJTHINIO ¥ BeK-
TOPHOI'O TOJIsI TIPEJIEIbHBIX IIUKJIOB, PACIOJIOKEHHBIX Ha Tope. Top saBisiercss o0beuHeHneM
HEYCTOWYMBLIX MHOTOOOPa3mii CeJIIOBBIX IUKJIOB C YCTONYNBBIMU HuKIaMu. [Ipexae dem B
TAKON cucreme MPOU30MIET Mepexo)i K XaOTUYEeCKUM KOJIeOAHHUSM, TOpP JOJZKEH MOTepsThb
[JIAJIKOCTD: CYIIECTBYIOT TaKHe 3HAaYeHUs IMapaMeTpoB, MPU KOTOPBIX HEYCTOWIHBOE MHOIO-
obpasmue ceaI0BOro muKJjaa HaunHaeT "rodppupoBarbes', anbO y ce1I0BOro MUKJIA BOSHUKAET
Herpybass TOMOKJIMHHYECKAsT KpUBagd, JIMOO YCTONUUBBLIN M HEYCTOWYUBBIA IMUKJBI HA TOPE
CIMBAIOTCI W MCYE3aI0T Ha HErIAJKOM TOpe. DTOT pe3y/JbTaT U3BECTeH KaK TeopeMa O pa-
3pyuenuy Topa. [Ipu BuITIOIHEHUE HEKOTOPBIX JOMOJTHUTE/IHHBIX YCJIOBUI pa3pylieHue Topa
IPUBOJUT K POKJIeHUIO Xaoca [37, 48, 59, 60, 63, 71, 80, 81|.

Hapymenue riajgkocTu Topa yjao0HO paccMOTPeTh Ha Npumepe 0TOOparKeHus KOJIbIA B

cebs1, KOTOpoe MpHU OIpPE/IETeHHBIX 3HAUCHUIX MMapaMeTpoOB HMeeT IVIaJIKYI0 WHBAPHAHTHYIO
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KpuByo. [Ipu 3TOM KOHKpETHBIN B oToGpazKkenus He urpaer posu |37, 48|. Tlepecrpoiiku
(a30BBIX MOPTPETOB B TAKOM KOJIbIE IMEIOT MeCTO U B 001eii curyamun [82, 83, 84|, mosromy
JOCTATOYHO PACCMOTPETh MojieIbHOe oToOpazkenue. IIycts @y @ Ty = € *(z,+bsinb,), 0,41 =
(0, +a+z,+0bsinb,), mod 2mw, a > 0, b > 0. dr0 orobpazkenue sBisiercsi auddeomopdu-
3MoM 1 mepeBoaut Kobio 0 < 6 < 27, |z| < xp, o > be */(1 — e *) B ceba. Ecau a > 1,
TO M3 OTOOparKeHUsI KOJIbLA MOJIyYNM OTOOparKeHue OKPYKHOCTH, Qqp : Opy1 = 0, + a +
bsin 6y, mod 27, KOTOPOE JOCTATOUHO HHTEHCHBHO U3Y4aIoCh (CM., Hanpumep, 85, 86, 87, 88|
U UTHPOBAHHYIO TAM JIUTEPATYPY). B 4aCTHOCTH, €ro mpoCTPaHCTBO MAPAMETPOB COJEPIKUT
OoudypKaLIMOHHYIO KPUBYIO, IIPU IIEPECEUYCHUN KOTOPOI JUHAMHUKA OIIPEICIeTCs BeJINUNHOI
b. Ecnu b < 1, To npu uppanuoHaJILHOM YHC/IE BPAIeHUs BCE TPAEKTOPHH OTOOPAYKEHH OK-
PYZKHOCTH KBa3uIlepuoandeckue. [Ipu panuoHaj bHOM 3HAYEHUU YN/ BPAIEeHus B 0TOOpa-
JKeHHH OKPYKHOCTH MMEETCS PABHOE YHCIO YCTONYUBLIX M HEYCTOMYUBLIX HEPHOIUYECKUX
ToYeK ofuHaKoBoro nepuoga. Korma b > 1, Bo3uukaer xaormdeckoe MHOKecTBO |86, 87, 88|.
JInnamuka OTOOparkeHusi KOJIbI[a BO MHOT'OM aHAJIOTMYHA JUHAMHKE OTOOpParKeHUS OK-
pyxuocru. IIpu b+ e ® < 1 310 orOOpazkeHne UMeeT MHBAPUAHTHYIO 3aMKHYTYIO KPUBYIO,
KOTOpas BKJIIOYAET HENOABMYKHBbIE TOYKH, OJIHA U3 KOTOPHIX YCTOHUYMBA, a JApyras CeiaoBasd,
IpUYeM ee HeYCTONYUBBIE CEeMapaTpPHChl 3aMBIKAIOTCI HA YCTOWUYUBYIO TOYKY (M 0Opasys
TEM caMbIM 3aMKHYTYIO KpuBYy10). B mpocrpancrse mapamerpos (a,b) Takas curyaius co-
OTBETCTBYET ONPEeIeJeHHON 06/1aCTH, OrpaHnIeHHOl 6udypKAIMOHHBIMU KpUBBIMHU. [1pu mepecede-
HUU 5THX KPHUBbIX ITOBEJEHNEe 0TOOPAYKeHUsI KOJIbIA W3MeHsieTcsl cieytomum obpasom [80):
a) BO3HUKaeT GECKOHEYHOe MHOYKECTBO TPAEKTOPHIl €O CYETHBIM YHCIOM HEYCTOWYHBBIX Ce-
JIJIOBBIX IUKJIOB, IIPH STOM H300pazKaiomasd TOYKA OCTAETCS B MAaJOidl OKPECTHOCTH HeI-
OJBUKHOI TOYKH; 6) mMpoucxoauT OudypKalUu yIBOEHHs NEePHOIA; 6) CeII0 U y3eld CJ-
UBAIOTCS, MOABISAETCS CEII0-Y3€es, IPUIYeM HHBAPHAHTHYIO KPHUBYIO B 3TOT MOMEHT OOpa-
3yeT ero HeyCToNvuBasi Cermaparpuca; eCjim 3Ta KpUBas IVIaJKas, TO MOCIe HCYE3HOBEHUsI
CeJIJIO-Y3J1a POXKIAeTCs TIaJIKas 3aMKHYTasd KpUBasg, K KOTOPOIl IPUTAMBAIOTCS BCE TOUKI
B KOJIBIIE; 2) €C/IH B CJydae 6) B MOMEHT CJUSHUsI CeJJia W y3Jia Ceaparpuca HerIaIkasi, TO
BO3HMKAET MHBAPUAHTHOE MHOXKECTBO Tuna noakobl CMmeiisa, T.e. Xa0OTHYeCKasd JIMHAMUKA.
[Tocieanue nBa caydas (6 U 2) peaqu3yOTCsa B 3aBHCHMOCTH OT 3HAYEHHs HapaMeTpa b.
KosmyecrBeHHbIE 3aKOHOMEPHOCTH IEPEX0Ja OT PerKUMa JBYXYaCTOTHBIX KOJe0aHuil K
Xa0Cy YCTAaHABJIUBAIOTCA IIPU MOMOIIM PEHOPM-IpynnoBoro moaxonaa [89, 90|. Iycrs f(r,6) :
St — S — rpagxoe B3aMMHO OJHO3HAYHOE OTOOparKeHHE OKPY’KHOCTH, HMEIOMIEe TOUKY
neperuba p. g mepexoma OT KBa3sHIEPUOJUYHOCTH K XaOCy HEOOXOAUMO HM3MEHSATH JIBA
Hapamerpa, 4To6bl COXPAHATH TUCI0 Bpalenus p = lim (f™(z0)—x0)/n, pABHBIM 33 JAaHHOMY
UPPAIMOHAJILHOMY 4YUCTy. VcImonb3ysa B KauecTBe YUCIa BpalleHus 3HAYEHHE 30JI0TOT0 Cpe-
amero, p = p* = (v/5 —1)/2 = 0,618034... , MOKHO OBHADYKATH YHHBEPCATLHBIC 3aKOHOM-

epHOCTHU TPHU nepexojie K xaocy. Jucjo —p* ecTb COOCTBEHHOE 3HAYEHUE MaTPUILDI

11
T={1, (13)
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¢ cobersennbiM BekTopoM (—p*, 1)1, Kpome Toro, T™ — 310 MaTpuna

b ) (14)

e ¢; — i-e uncao Oubonawun (¢y = 0, ¢, = 1). Takum 06pazoM, ¢p_1 — dpp* = (—p*)".

Cuie10BaTe/IbHO, MOXKHO 3aIlUCATh
(Rp~)¢"(9) —0=¢,p*, modl, (15)

rie R,- 0603na9a€T 060POT BAOIb OKPYZKHOCTH ¢ 9uCIOM p*. B cuty storo nomyanwm | (R, )% (6)—
0] = (p*)". Hamee, ucnonb3yst peKyppeHTHOe cooTHOIIeHne st ances Pubowadum, Ha-
fimem, aro Beamumaa (R,«)?" MOPOKIAETCA MOCTETOBATETLHOCTHI0 KOMIO3HIH (IR« )P+t =
¢ Pn—1
(Rpe)?m 0 (R )t
J1st moncka (pUKCUPOBAHHOI TOYKM PEHOPMAJIM3AIMOHHOTO OIIEPATOPa HEOOXOJAUMO PAC-
CMOTpeTh Tak Ha3biBaeMoe nojuatue [ : R — R dyukiun f, yroBiaeTBopsioliee cOOTHOIIE-

nuo exp (2mif(0)) = f(exp(27if)). Torma onepaTop peHOPMATH3AIMN OIPEIETHTCS KaK
(

u() | | au(av(a20))
Tl [T we ’ (16)
. u(f) o?v(a'u(a™10))

(17)

9TO COOTBETCTBYET Mepexo/y oT byHKIHiA ( for, on-1) x pynxmEsam ( foner on) ¢ MacTITabHBIM
MHOXKHTETeM «v. JInHeapu3amus KazKI0ro omeparopa 1; B COOTBETCTBYIOIIEH HEMoIBUKHOIL
TOYKE ¢ MMeeT HeyCTOWYMBOe COOCTBEHHOE 3HAYeHMEe, KOTOPOEe OTBEYAeT CKEeHJIMHTOBOMY
MOBEJIEHHIO ¢ TAKUM CBOHCTBOM, uto f(f) + &, uMeer uncio Bpamenus ¢, 1/¢,. [Ipu s3rom

MacmitabHble TOCTOSTHHBIE PaBHBI 0 = —2,83362..., a = —1,28857... .

2.5 T'oMmokJIMHUYECKNE CTPYKTYPbI

HOMI/IMO nmepevIuc/IeHHbIX HYTeﬁ pa3BUTUA XaOCa, B JUHAMUYIECKHUX CUCTEMaX BO3MOZKEH IePeXO/]
K XaOTHYECKOMY IOBEJIEHHIO depe3 ToMoKJInHndYeckne oudypkanuu. [lycrs 1, : M — M —
HEKOTOpOe 1mpeobpazoBanne MaoxKkecTBa M B cebsi. Touka p € M nazbiBaercs rurnepoboIndecK-
Oif HENOJIBUKHON TOYKON orobpaxkenusi T, ecim Typ = p u DTa|p HE UMeeT COOCTBEHHOI'O
3HAYEHUs paBHOTO eauHuie. IIpm 3ToM ycToiidmBoe W HEyCTOWYMBOE MHOTOOOpPa3Us TOUYKI
P OTPENETSIIOTC COOTBETCTBEHHO caeaytomum obpasom: Wé(p) = {x € M| Tix — p, t —
+oo} u W*(p) = {x € M| T!x — p, t - —oc}. [Ipeanonoxum, 9T0 p — runepboTHIeCcKast
HEIOABUKHAasi TOUKa oToOparkenusi 1,. To4uka ¢ Ha3bIBAETCS 20MOKAUHUYECKOT K TOUYKE P,
ecin p # q € W¥(p) N W*(p). Dro o3Hauaer, 410 tl}inoo Ttq = p.

O0dromeproe oTobpazKeHne mMeeT TOMOKJIMHUIECKUe TOYKHU, eC/IU OHO 00/1a1aeT MepPuo/l-
uiecKkoit opouToit, mepuos Koropoit oramuen or 2°, i =0,1,2,...(91, 92, 93]. B cBoto ouepe-
JIb, HAJINYHE TOMOKJIMHUYECKAX TOYEK TAPAHTUPYET MOJOKUTEIHLHOCTh sHTpormuu [93], T.e.

CYIIEeCTBOBAHNE XAaOTUYHOCTH. DBosiee TOro, HeJaBHO ObLIM TOJIYYEHBI JIOCTATOYHO OOIIHe
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YTBEPZKJICHUS, KACAIONIMECS CJIOKHOTO TOBeJIeHUs deymephur oTobpazkenuit [94, 95, 96].
OCHOBHO#I WX CMBICI KPATKO CBOJHMTCS K cieaytoniemy. OgHOMapaMeTpudeckoe cemeiicTBO
nuddeomMopdu3MOB MOBEPXHOCTH, UMEIOIee TOMOKJIMHIYIECKYIO CTPYKTYPY, Ha MHOYKECTBe
3HAYEHUIT TapaMeTpa MOJIOKUTE/ILHOI Mepbl TOPOXKJIAeT CTPaHHbie arTpakTophl. [IycTs T;, —
oJHOmapaMeTpudeckoe cemeiictBo auddeomopdusmon Kiracca C°, 3aJaHHBIX HA MTOBEPXHO-
cru. [Ipeanonoxkum, aro Ty umeeT roMOKJIMHUYECKOE KacaHue B HEKOTOPOIl MepuoumvecKoit
TOYKE Pp. 10TIa MPH JTOCTATOTHO OOIIUX MPE/IMTOTOKEHUSIX CYIIECTBYET NOAOHCUMEALHAS TTe-
OeroBa Mepa MHOKeCTBa A, HapaMeTpUYecKnX 3HadeHuil, Ou3kux K a = 0, TaKUX, 9TO /st
a € A. tudpdeomopdusm T, NPOABIIET TaomMuyeckoe IOBeaeHne, 00YCJIOBIEHHOE HAJHIHEM
CTpaHHOTO aTTpakTopa. CeacTBIE U3 STOr0 BazKHOT'O YTBEPXKIEHHS CIIPABE I THBO JIJIST OJTHOM-
epHBIX KaCKaJI0B JocTaToqHo obmiero sua [96]: [Tycrs T, — rrajgkoe orobparkenne nHTEpBaIa
I nm orobpazkenne oKpyzKHocTH S’ 1 Touka py — rumepboIndecKas IepuogndecKas TOUKa
qist Ty. JlommycTum, 4T0 OTpHIaTe/ IbHas OPOUTA TOYKY Py IEPECEKAeT HEYCTONUYNBOE MHOYKECTBO
HEBBIPOXKJIEHHOI KpUTHYECKO# TouKN oTobpazkenus Tj. Torma, ecyin Takast FOMOKJTMHUYECKAS
CTPYKTYpa UMEET MeCTO B CIydae ODIIEro MoJoKeHus, TO Mepa MHOZKECTBA HapaMeTpUIecK-
ux 3HadeHuit a, oyim3kux K a = 0, g KoTopbiX T, TPOSB/ISIET XaOTUYECKOE MOBEJICHUE,
NOAOHCUMENLHA.

Hpyroii Bazkublii pe3ysbrar 6bi1 nomyden Hptoxaysom |97, 98|, koropsiii mokasas, 4ro
ceMeiicTBO IByMepHBIX 1uddeoMopdu3MoB, HMeIONee TOMOKINHIIECKOe KaCAHUe YCTOMINBBIX
U HEYCTOWYMBBIX CerapaTpuc, 0bJaaeT Ype3BblYaiiHO CJI0KHBIM TOBeJieHneM. Takas JIuHaM-
WKa JefdcTBUTENLHO Oblia OOHapys:keHa Ha npumepe ypasaenust Troddunra [36, 99, 100]
nocpeacTBoM 0600menHoit Teopun Menbuukosa [101]. Bosee Toro, dbopmupoBaHue roMok-
JINHUYECKUX TPAeKTOPUl BCErja COMPOBOXKIAETCH TVIYOOKMMHU IMepecTPOlKaMu JIMHAMUKH,
KOTOpbIe BKJIIOYAIOT TosBaeHne moakoB Cwmeitna [21], kackamoB yasoenus: mepuoma [102],
CeII0-y3JI0BBIX IMKJIOB [103], HeorpaHUYeHHOrO KOIMYecTBa COCYMIECTBYOMINX TEPHONIECK-
UX arTpakTopos [97, 104].

O0obmEeHne TUX pe3ysIbTaTOB Ha ceMeiicTBo auddeomopdu3MoB MPOU3BOIBLHON pa3M-
epHOCTH OBLTIO Omcano B paborax [103, 105, 106, 107|. OcHoBHOE yTBepK/IeHNUe, HOLYYeHHOe
B 9TOM HaIpaBJeHHH, CBOAUTCA K ciaeayiomeMmy. [lycts T, — cemeiictBo auddeomopdu-
3MOB MHOT0OOpa3ust M, dimM > 2, umeroinee rOMOKJIMHUYECKOE KaCcaHue NP a = ¢. 1oria
cymecTByer MHOKecTBO A, C R Takoe, uro T, obaadaem cTpaHHBIM aTTPAKTOPOM JIJIs Ka-
xKioro a € A, m A.N[a@ — &, @+ €] nmeer noaoscumenvuyro mepy Jlebera nist Beex £ > 0.

Ecnn paccmarpuBaTh BMeCTO OTOOpazKeHH nomoku, TO MOZKHO IOy IUTh HOBbIE HHTEPEeC-
HbI€ YTBEPXKACHHA, KaCalollUuecCda Pa3BUTUA Xa0THUYECKOMI JUHAMUKH. O,ZLI/IH n3 IEepPBbIX Dpe-
3yJabTATOB B 9TOM Hampasaenun 611 momyden JLILITurbankoseiv [108]. ITyers motox T
B mpocTpancTBe R? mMeeT paBHOBeCHYI0 TOUKY B Hadaae KOOPAHHAT C JeHCTBHTETHHBIM
TOJIOZKUTEJIbHBIM CO6CTB€HHBIM 3HaAYCHUEM )\1 " IMapy KOMIIJIEKCHO CONPAZXKEHHBIX CO6CTB€—
HHBIX 3HaUYeHHU Ap3 C OTPHIATETbHBIMH JIeHCTBHTEIbHBIME 4acTaMmu. Torja, ucroib3ysd
TeopeMy 00 ycToitauBoM MHOrooOpasun [36], MOXKHO BBeCTH KOODAMHATHI TakK, YTO OChb 2
OyJIeT coepzKaTh JIOKAJIBLHO HEYCTONUINBOE MHOTOOOpa3ue, a MIOCKOCTD (X, y) OyeT comepK-

aTh JIOKAJbHO ycTOiunBOoe MHOTrOoOOpasue. /lomycTum, 910 TpPaeKTOpUS 7Y SBJISETCH TOMOK-

15



muEnIeckoit (K Touke 0) Tuma cemno-dokyc, T.e. npu v € W*(0) oHa HMeeT BBIXOIAIILYIO U3
0 HeyCcTOUUBYIO cenaparpucy, KoTopast npu t — 00 1Mo cuupajm crpemMurcs K 0 B MJI0CKO-
cru (z,y). Torma cupasequs crexytomuii Todnstii pesyasrar [36, 108]: Ecin |[Redss| < Ay,
TO CyHNIECTBYeT BO3MyIIeHme 1moToka T takoe, 4T0 BO3MyUIeHHBIH mOTOK T} Gymer umers
TOMOK/JIMHUYIECKYIO OPOHUTY 71 BOMU3M 7, a 0TOOpazKeHue, MopoxaaeMoe notokom 17, Gymer
UMETh CYEmHoe MHoHcecmso nodkos. OGODIIEHNE ITOrO Pe3y/IbTaTa MPUBEI0 K CYIIeCTBe-
HHOMY yTuIyOsIeHnio monnManus oudypKanyuii B IMHAMIYECKUX CHCTEMAX, UMEIOIHUX TOMOK-
JTMHUYECKHE CTPYKTYPbI, U IMyTell PA3BATHs B HUX Xa0THYECKOIO TOBEJIeHUsI (CM., HATIPAMED,
[36, 37, 95, 99, 109] n npuBeseHHYIO TaM JIUTEPATYDY ).

Takum 00pa3oM, UMEIOTCSA JIOCTATOYHO MOIIHBIE AHATUTUIECKHE METOJIbI HCCIeI0BaH-
Usl PA3BUTHUS XAOTUIECKOIO TOBEJIEHUsT JUHAMU4YecKux cucreM. OJHAKO KPOMe CIeHApHEeB
POXKJIEHUA Xa0ca B TeX MU HHBIX CHCTEMaX HeMAJOBAsKHBIM SBJIAETCS BOIIPOC O CBOMCTBAX

Xa0THYEeCKUX JUHAMHUYECCKHUX CHCTEM U criocobax ux U3y4YCHUA.

3 HeKOTOpre CBOIICTBA XaOTUYECKUX ANHaAMNYIECKNX CncremM

CBoiicTBa XaOTHYECKHX CHUCTEM JAIOTCSI TAKAUMH HHBApHAHTAMHU KAaK XapaKTEePUCTHIECKHE
nokasare i JISnyHOBa, pa3MepHOCTh CTPAHHOTO ATTPAKTOPA, SHTPOIUS JUHAMUYIECKON CUCTEMbI
(em., manpumep, [25, 27, 31, 51, 55, 60, 63, 64, 110, 111, 112, 113, 114, 115| u npusoaumbie
TaM CCBUIKH) U pAgoM apyrux. Kpowme Toro, BaKHBIME XapaKT€PUCTHKAMH JIHHAMUYECK-
MX CHCTEM SIBJISIIOTCsI 9PTOJAMIHOCTH W nepemernmBanue [25, 31, 42, 51, 74, 116, 117|, K-
ceoiicrBo (31, 51, 114, 116, 118|, 6epuysinesocts [31, 114, 116, 118, 119, 120|, Beinonnenue
IEHTPAJIBHON TPe/IeJbHOl TeopeMbl Teopun BepositHocTedi [117, 120, 121], skcioneHuma bHOe
yobIBaHUe Koppessamuit |74, 117, 120, 122]. Yeranosaenue mocgieHUX CBORCTB B IHHAMAYECK-
0¥ crcTeMe TOJIOYKEHBI B OCHOBY COBPEMEHHOTO MPEJICTABIEHNS O JIeTEPMIHUPOBAHHOM Xa0cCe.
Onucanne XaOTUIECKUX JUHAMHIECKHX CUCTEM BO3MOYKHO TAKKe Uepe3 HCCIeI0BaHNe XapaK-
TEPUCTUK MX XAaOTHYECKHX ATTPAKTOPOB WJIM MyTE€M PAaCCMOTPEHHsS TOBEJIECHUs] TUIMUYHBIX

¢da30BBIX TPAEKTOPHIi.

3.1 Ilokazaremm JIsamyHoBa m HTpONUS JUHAMUYECKUX CUCTEM

[Tycrs x(t) — tunmanas paszoBasi Tpaekropust cucreMbl (1) u x(t) — Gau3Kast K Heil Tpaek-

—

topus, X (t) = x(t) + £(t). Paccmorpum dbynKmumo

o — i Ly JEO)
(@) = fim 0 2o (18)

— —

KOTODas Ope/e/ieHa Ha BeKTopax HadaabHoro cmernenust E(0) takux, uro |£(0)| = &, rne e —
0. Torga, B 3aBUCMMOCTH OT HAIlPABJIEHUsI BEKTOPA E (0) dyukIIs E(g (0)) 6yaer npuHEMATH
KOHewHbIH psa 3uadenuit {\;}, i = 1,2, ..., n, KOTOpble HA3BIBAIOTCA TAPAKMEPUCTNUMECKUMLU
noxasameasamu Jlanynosa (cMm., nanpumep, [42, 55, 64, 74, 111, 112, 113| u gaunse Tam

CCBLITKN).
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XapakTepuctuueckue mokazaresin JIgamyHoBa cryzkaT Mepoii XaOTHIHOCTU JTUHAMHIECKUAX
cucreM. B gacTHOCTH, €C/TM MMEIOTCS MOJIOKUATE/IbHBIE TOKA3aTe/H, TO MOBEJIEHNEe CUCTEMBI
OyJIeT XaOTHIECKUM.

Crporoe obocHOBaHHME TeOpHUsl XapaKTEPUCTUUIECKHUX IOKasareseit JIsgmyHnosa mosydnia
0CJIe JIOKA3aTebCTBA U3BECTHOI MYJIBTUILIMKATHBHON Iprojudeckoii reopembr [123, 124,
125], koTopast ycraHABIMBAET CYIIECTBOBAHHE TaK HA3BIBAEMBIX NMPABHJIBHBIX MO JIsmyHOBY
TpaekTopuii B (pa30BOM MpocTpaHcTBe. PaccMoTpuM u3MepuMblit My IBTUILINKATABHBINH KOITUK,T
OTHOCHTEJIBHO TIpeobpaszoBanus T, T.e. uamepumyto GyHkuuio ¢(m,x), x € M, co 3Haue-
HUSIMU B TIPOCTPAHCTBE KBAJAPATHBIX MATPHUI] MOPsiKa j > 1 TaKyro, 9TO BBIMOJIHIETCS
Y(m + k,x) = ¢(m, T*x)p(k,x). Torma permuuaal® (x,q) = lim, o0 (1/n) In||e(m, x)q||,
q € 7 Y(x), rae 771(x) — caoit mag x € M, Ha3BIBACTCHA TAPAKMEPUCTIUMECKUM TOKG-
samenem Jlanynosa npeobpazosanust T’ ¢ KOMUKIOM 1) (m,X). Temnepb, ecu J1jisi HEKOTOPOTO
HOpMa/IbHOTO Gasnca {e;(x)} nmeer mecro pasencrso ) AT (x, €;(x)) = lim,, ., In|det¢(m,x)],
TO TOYKa X € M Ha3BIBaAeTCI npasusbHot 6nepeo. COE)TBeTCTBonmHﬁ XapaKTepUCTHIECKU
oKa3aTe/ b A\~ MOJyYaeTCsl 3aMeHON BepXHero mpejesa mpu n — 400 Ha BepXHUil mpeses
npu n — —oo. Touka X Ha3bIBaeTCs MPABWILHON HA3aJ, €CTH OHA SBISIETCI MPABUIbLHOI
BIIEpe JIst mokazareass A\~ . JBycropoHHme Tpaekropum auHamMudeckux cucrem (1) (r.e.
TpaeKkToOpuu, cymecrByomme g t > 0 u ¢ < 0) IpUBOAAT K MOHSTHIO (IPU HEKOTOPHIX
JOTIOJTHATENbHBIX yeaoBusiX [126]) npasuavhor mouex mo JIAmyHOBY ¢ cOrJIacOBAaHHBIME
3HaYeHUAMHI mokazareseil AT u A7, Jlamee, MOKHO MOKa3aTh, YTO €CJIU X — NPABUIbHAL 1O
Jlamynosy Touka, To TFx Gyner mpasumbnoit o JlamynoBy mpaexmopuedi. Ilycts Xo C M
— MHOKECTBO MPABUJIBHBIX 110 JIsmyHOBY TpaekTopuii. My bTUIINKATHBHAST SPTOTITIECKAST
TeopeMa YTBepKIaeT, 9To Xy uMeeT noanyto Mepy. TakuM oOpa3oM, JTOKa3bIBAETCS CYIECTBOBAH-
ne nokasarejeil JIsmyHoBa, KOTOpbIe MOTYT OBITH ONMPEIEIeHBI JIJIsl TIOYTH BCSIKOTO X € M.

Jl1g omHOMEpPHBIX OTOOpazKeHuil, MOpoXKIaeMbiX (bYHKIHeN f, uMeeTcs eTMHCTBEHHBII

nokasareJib JIdmyHoBa, KOTOPbI MOXKHO 3alicaTh Kak

N
A= lim iZlnﬁ : (19)
N—=oo N = | dw;

JpyrumMu BayKHBIME XapaKTEPUCTHKAME CIy2KUT SuTponus [111, 114, 115, 116], koropas
orrpejiesisieT OOPATHYIO BEJIMUUHY CPEIHEI0 BpeMEeHH MPeJICKa3yeMOCTH TTOBEJIEHUSI Xa0OTHIeCK-
oif cHCTeMBI 1 XapaKTepu3yeT ee CI0KHOCTH (42, 64, 122, 127|, u pasmMepHOCTbh HHBAPHAHTHOTO
MHOKECTBa JUHAMHYIeCKOil cucrembr [63, 111, 115, 128]. KpaTko ocTaHOBHMCSI Ha HEKOTOPBIX
MOJIOYKEHUSTX TEOPUN.

DopmanbHo anmponus h nuHaMuueckoit cucrembl (M, S, p,T) BBOIUTCS KAK BEPXHSsI
rpaHb M0 BceM KOHeIHbIM u3MepuMbiM pasbuennsim 1: h(T) = sup{h(T,n)}. Takum obpasom,
SHTPOIMU MPEICTABIAET COO0I HAMOOIBIIYI0 BO3MOXKHYIO CKOPOCTb CO3JaHus HH(pOpMAaIun
npeodpasoBanueM 1’ ¢ MOMOIIBIO KOHEYHBIX Pas30UEHUil MPOCTPAHCTBA COCTOSHUI JIMHAM-
nueckoii cucreMbl. [[0CKOIbKY SHTpOIUsS — KOJUYECTBEHHAs XapaKTepPUCTUKA, C MOMOIIBIO
KOTOPOii MOYKHO (JIOMOJHUTEIBHO K MPOYUM BAXKHBIM HHBAPUAHTAM) ONUCATH OTIETHHBIE

CTOPOHBI XaOTUYHOCTU, OHA OKa3bIBa€TCA TECHO CBLA3aHHOI C APYTUMHU XapaKTEpUCTUKaMU
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NOBEIeHNsT JUHAMUIECKHX CHCTeM. B 9acTHOCTH, SHTPONUA BBIPAYKAETCH Yepe3 MOKAa3aTe 1
JlsmynoBa ciremyiommm obpasom [125]:
h(T) :/ > Ni(x)dp
i Ai>0

DTO COOTHOIIEHNE MOXKET OBITh B psaje ciaydaeB ynpoineno. Vmenno, ecim T — auddepe-
HIMpyeMoe 0TOOpaskeHne KOHEIHOMEPHOT'O MHOT00Opas3us W [i — 3ProguvecKast BepOsTHO-
CTHAsT Mepa i JuHaMuaeckoii cucremsl (M, S), To h < 3 A; [111, 125]. PaBercTBo B 5T0M
BBIPAKEHUN MMEET MECTO, €CJIM PACCMaTPUBATH OIHY xao)‘Tiﬁg{eCKon KOMITOHEHTY JIBUKEHUS,
T.e. ecu Mepa 1 — Mepa Cunas-Prosng-Boysna [111]. Benrnunua sarponuu h He 3aBUCHT OT
criocoba pasbuenusi (pa3oBOTO MpocTpaHcTBa. Kpome Toro, ecyiu JiBe JMHAMUYIECKUE CUCTEMbI
MMEIOT PABHBIE SHTPOIUH, TO UX CTATHCTHYECKHE 3aKOHbBI JBHZKEHUs OJUHAKOBBI [118, 129].

PasmepHOCTHBIE XapaKTePUCTUKY HHBAPUAHTHBIX MHOYKECTB IMHAMUIECKUX CUCTEM MOTYT
BBOJIUTHCSL 110 pasHoMy (cM., Hampumep, (63, 112, 130, 131, 132, 133| u npuseaenubie Tam
cebunkn ). OJJHAKO OCHOBHBIE MATEMATHYECKHE PE3YIbTATHI IOy YeHbI TOJBKO sl HEKOTOPBIX
w3 Hux [128; 134, 135, 136, 137|. Ilycte M — kommakTHOe mpocrpanctBo u A C M. Jlo-
myctuM, 9ro N(£) — MUHAMAJbHOE YHCIO MAPOB PAJUYCa €, HEOOXOMUMBIX JIJI TIOKPBITHS
muozkecrsa A. Toria npegenst lim, oln N(g)/In(1/e) = C(A) u lim,_,,In N(¢)/In(1/c) =
C(A) naswsiBaercsa seprheli (COOTBETCTBEHHO HucHed) emrocmolo MHOXKecTBa A. Ecam ux
suauenus cosnagaior, C(A) = C(A) = C(A), to semuuna C(A) HazbiBaercs emrocmuio
[128] nim Ppaxmanvrot pasmeprocmoto [115, 138, 139] muoxkecTBa A.

XapakrepucTuieckue mokasareyn JIAmyHoBa, SHTPOIH U PA3MEPHOCTD JAI0T BO3MOKHO-
CTh MOCPEJICTBOM H3y4eHust HAbII0IaeMbIX (T.e. CHTHAJIA WM ONPEEIeHHON PeaTn3aium, mo
KOTOPBIM CYJSIT O XapaKTepe MPOIecca B HCCIeAyeMoil (hU3MUecKoil cucTeMe) OmpejieuTh
KOJIMYIECTBO HE3aBUCUMbBIX MEPEMEHHBIX, OJHO3HAYHO OMUCHIBAIONINX COCTOSIHUE CHCTEMbI U
TeM CaMbIM YCTAHOBUTH KOHEYHOMEPHOCTH PACCMATPUBAEMOTO SABJEHUS. BOJBIIMHCTBO pe-
3yJIbTATOB B 9TOM HANPaBJEHHN OCHOBAaHLI Ha Teopun Taxenca [140, 141] (em. Takxe [115] u
IIPUBE/IEHHbIE TAM CCBUIKH) U HCTIOIB3YIOT TOT (hAKT, 4TO CBOHCTBA ATTPAKTOPA MOYKHO OIpe-
JIEIATDH U3 BPEMEHHOH 0CIe[0BaTeIbHOCTH OHOI cocTaBsomeil. FIMEeHHO, ecin COCTABUTD
BekTopuyto byukmuo § = {x;(t), z;(t +7),...,2;(t + 2n7)}, rue x;(t) — npousBosbHAS CO-
CTAB/IAIONIAA IIEPEMEHHON X, TO MeTpUYeCKHe CBOWCTBA HCXOMHOIO N-MEPHOrO H II0CTPOE-
HHOTO (21 4 1)-MepHOro HPOCTPAHCTB GY/YT OJHHAKOBHI.

Omnupasgch Ha Teoputo TakeHca, B NPUHIMUIE MOXKHO OTIUIHTH JuHaMUYecKuli TPOIEce
OT “ucmo cayuaiinozo, T.e. HegerepmMuanpoBanHoro. Habmonaemas § = {y;}5°, Ha3biBaercs
demepMuruposarto noposcdentoti, ecin BHIMOJIHEHB! cieayomue yeiosust [115, 140, 141]:
CYIIECTBYET KOHEYHOMEPHAs JUHAMIYEeCKast cucteMa {1}, TOUKa x¢ U JIUIIIHI-HeTPEePhIBHAS
bynkuus ¢ raxue, uro suimonuserca ¢(T%(zg)) = y; ana veex ¢ = 0,1,2,..., npudem
dist(T?x, Tt2") < const - eMdist(z, '), T.e. MaKCHUMaIbHBIH JAMYHOBCKHIl IOKA3aTelb s
{T'} sBasiercst orpannaenHbiM. BBegem nmpocrpancTtBo B Becex HaOII01aeMbIX KAK MHOKECTBO

0 .
nocseioBarenbuocreit § = {yo, Y1, Y2, .- -}, > |yi|/2" < oo. Torma npu cOOTBETCTBYOIIEM BBe-
i=0

JIEHMH HOPMBI IPOCTPAHCTBO B OyIeT MOMTHBIM HOPMUPOBAHHBIM JTHHEHHBIM ITPOCTPAHCTBOM.

Bagaaum B B JIUHAMHYECKYIO CHCTEMY ITOCPEICTBOM OIIPejie/IeHUsl OTOOPAaYKeHWsT CJIBUTA
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g — Ty, tne Ty = (y1,Y2,Y3,--.). TakuMm 00pazoM, MOTYIUM YHUBEPCATBHYIO THHAM-
MYECKYIO CHCTEMY, MOPOXKIAIONLYIO JI00YI0 OrpaHuYeHHY0 Haba01aeMy0. PaccMorpum mpe-
JeTbHOE MHOKECTBO A(y) U mpeaesbHyIo eMKOCTh (T.e. pasmeproctb) C'(A) HabIIOIaeMOI.
O9TH WHBAPHWAHTHI JIEFKO BBECTH, €CJAH PACCMOTPETh MPOU3BOIBHYIO HAOIIOIAEMYIO ) Kak
HAYAJIHHOE COCTOSIHHE YHUBEPCAJIbHONW JIUHAMUYECKO cumcTembl B mpocTpancrse B. Torma
A(y) = clos ({T’“g]}i"zo), re {T*§}%°, — nomyrpaexTopus, 3a1aBaemas oTobpaskenuem 1.
Ecim C(A) < 0o, To JaHHON HAOJIIOJaeMOl COOTBETCTBYeT KOHEYHOMEDHAsl JIHHAMUYECKast
cucrema. [Ipy BBITOJTHEHNN JOMOJHUTETHHOTO YCJIOBUS 00 OTPAHHIEHHOCTH MaKCHMAJIbLHOTO
JISITY HOBCKOTO MTOKa3aTe st HabJ/1ioaeMast OyIeT JeTepMIHIPOBAHHO MOPoxK AeHHoi. Cie10BaTe/ IbHO,
ompeeaeHHass 00pabOTKa HADII0JAeMOr0 CUIHAJIA MOKeT JAaTh OTBET Ha MPUHIUINAJIHHBII
BOIIPOC 0 KOHEYHOMEPHOCTH HCCJIeyemMoro mpomecca. Hekoropbie ajropurMbl 00paboTKu Ha-
OaIr0/1aeMbIX TIPUBEJIEHBI B paborax [42, 63, 84, 112, 115, 130, 131, 132].

3.2 XapaKTepucTuku XaOTUIHOCTU

Onuimrem Tenepb MePapxXuio BayKHBIX CBOWCTB AMHAMUYIECKUX CHCTEM, KOTOPBIE MOYKHO Pac-
CMATPHUBATH KAK MOCIEJI0BATEIHHO YCUIUBAIOIIME IPYT Jpyra CBoicTBa XaoTuuHocTn [142].

1) Cywecmeosarue unsapuarmmot mepo [25, 27, 51, 120, 143]. MHOoXKecTBO ¢ BBeIeHHOIT
HAa HEM Mepoil MOxKeT OBITh PAacCMOTPEHO KaK MPOCTPAHCTBO dIeMEHTapHBIX coObITHil. B
9TOM CIydae KaxKaas (pyHKIWs, TeM WIH HHBIM 00pa30M ONpeIe/IeHHass Ha, 9TOM MHOYKECTBE,
ABJIAETCd CAYYalHON IMepeMeHHOH, a MOCJIeI0BATeJIbHOCTh ee UTepaluid, oay4aeMblX depes
HeKoTopoe npeobpaszoBanne {1}, MOKHO IPEJCTABATH KaK MOCIEA0BATEIHLHOCTD CIIydailHbIX
BesimanH. [ToaTomy cyriecTBoBaHne HHBAPUAHTHONR MEPBI JJIsi KOHKPETHOI'O CeMeiiCTBaA THHAM-
HYIECKUX CHCTEM HMeeT CJIeJICTBUEM ero XaOTHYeCKoe IOBeJIeHHe.

2) Ilepemewusanue |25, 51, 63, 64, 74, 116, 117, 122|. Ecin aBrokoppessinpontast (yHK-
s b(t) — 0 mpm t — doo ara moboit dynxnmn f, [ |f|2dP < oo, rae P — umBapmanTHOe
pacmpejiesienre, TO B CHCTeMe HMeeT MecTo nepemerntuBanne. CyIecTBoBaHie TepeMenBaH-
usl BJIeYeT HEOOPATHMOCTb M HEIPEICKAa3yeMOCTh JTMHAMHUKH.

3) K-ceoticmso 27, 51, 114, 126, 144|. Ecan nuramudaeckasi cucrema sipysiercst K -cucremoi,
TO OHa 00JI1a/JaeT MepeMelTnBaHNEeM BCeX CTeleHel W MMeeT MOJIOKUTEIbHYI0 SHTponno. K-
CBOICTBO O3HAYAET, UYTO JIETEPMUHUPOBAHHYIO TUHAMHYIECKYIO CHCTEMY MOYKHO 3aKOJIUPOBATH
B PEeryJsapHbIA CTAIMOHAPHBINA MMPOIECC TEOPUN BEPOATHOCTEN.

4) Bepuyanruesocms [27, 116, 120, 144]. TloBegeHune TUHAMUYECKON CHCTEMBI TEM CITyYa-
iiHee, uem oHa OJIMZKe K MOCJIEI0BATEIHHOCTH HE3ABUCUMBbIX CIyYaiiHbIX BeJIMYIuH. Ecam Ko-
HPOBKA JIMHAMHUYIECKON CUCTEMBI B PEry/IspHBIi CTAIMOHAPHBIN MPOIECC TPeCTaBIsIeT cOOOM
TAKy0 IMOCIEI0BATEIbHOCTD, TO JUHAMUYECKAs CHCTEMa HA3bIBAETCsS OEPHYJLINEBCKOIA.

5) Bunoanenue ycaosuti uenmparvhoti npedeavrot meopemus [24, 120, 145]. st mo6oit
dyuknun f, onmucbiBaomeil TOT WM WHON JUHAMHYECKHUI IMpolecc, HallijleTcss Takas JIHC-
nepcust 0 = o(f), aro

1 n

_ 1 I _
I : SSE(THx)) — | < :—/ w20, f:/fd .
Jim x| =3 £(TH(x) a \/%7006 u u

k=1
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CMBICT BBIIIOJHEHAS IEHTPAILHON IPeIeIbHOIl TeOPEMBI COCTOUT B TOM, 9TO PACIIPEICTCHHIE
Mep Takux obJiacTeil X, BpeMeHHble (DIIOKTYAIMNd KOTOPBIX HE MPEBBIIIAIOT OMPEeIeIeHHOTO
YHCTA @, ABISETCS TayCCOBCKUM.

6) Cropocmo ybrisanus xoppeasyud [120, 145]. Ecmu ana dynkunn f ee cpennee £ = 0,
To HaiiayTed takue p > 0, 0 < g < 1, 9To

‘ [ £ )Edn| < pgH

B srom ciiyuae mmeer mMecTo SKCHOHEHIMAJIbHOE yObIBaHME KOPPEJISAIUil, 9T0 s TJIAIKUX
dyuknuit f roopur o 6;1M30cTH cUCTEMBI K KOHeUHO# 1enu Mapkosa.

XaOTI/I‘{eCKI/Ie AUCCUIIATUBHbBIE JUHaAMWYCECKUE CUCTEeMbl MOXKHO H3y4YaTb IIyTeM HCCJIe-
JIOBAHHUSA CBOMCTB M CTPYKTYPHI CTPAHHBIX ATTPAKTOPOB, SIBJSIONUIXCA MaTeMATHIeCKAM

00pa3oM XaO0THYEeCKUX KOJIeDaHMUil.

3.3 XaoTudyeckmnue aTTpaKTOPBI

ATTpakTOp AMHAMHYECKON CHCTEMbI HA3BIBAETCS CIMPAHHHLM, €CJIA OH OTJIMYEH OT KOHETHOTO
00'beIMHeHUST TITAJIKUX TIOMHOr006pa3uii mpocrpancTsa M [37, 146]. acto moguepkusaercs,
YTO JUHAMHKA CHCTEMbBI SIBJISIETCS XaOTHUIECKOi Osarogapsa HaJIHIuio B ee (a3oBOM IIPO-
CTPAHCTBE CTPAHHOTO ATTPAKTOpa. B 3THX cjlydasix MOHATHE CTPAHHBIA ATTPAKTOP HMeEeT
cobUpaTeIbHBIII CMBICT, U €ro WHOIJIA 3aMEHSIOT CJIOBOCOYETAaHHEM XTa0MUYeckutll aTTpak-
TOP. HO,IL XaOTHUYICCKUM aTTPAKTOPOM MO2KET IOAPa3yMeBaTbCd HECKOJIBLKO THUIIOB aTTpaK-
TOPOB, OJJHAKO TUMEPOOTHIECKUe ATTPAKTOPDI, CTOXACTHYECKHE (MU KBA3UTHIEPOOTNIECK-
I/Ie) ATTPAaKTOPbI, IepeMelInBalolue aTTPaKTOPbl 1 KBA3UCTOXaCTUIECCKUE aTTPAKTOPDI (I/IJII/I
KBa3HATTPAKTOPHI) SIBJISIOTCS HAUOOJIee PACIPOCTPAHEHHBIMI.

MuoxkecTBo A Ha3bIBAETCS 2UNEPOOAUMECKUM ATTPAKTOPOM, ECJU OHO SIBJISIETCS aTTPaK-
TOPpOM M OJHOBPEMEHHO FI/IHep6OJII/I‘{eCKI/IM MHO>KE€CTBOM ,ZLI/IH&MI/I“IGCKOIZ CUCTeMbI, T.€. €€
KacaTeJbHOe IMMPOCTPAHCTBO pasjaraercd Ha JBa MOAIpocTpancTBa, E° u K", KoTopbie onpe-
JIeJIAIOTCS TeM (paKkToOM, 4YTO OECKOHEUHO OJIN3KUE TPAEKTOPUHU, COOTBETCTBYIOIIUE TTPOCTPAHCTBY
E?| skcrnoneHnua IbHO CXOAATCA APYT K JApYyry mpu t — 00, a B mpocTpaHcTtBe K" 3K-
CHOHEHIMATIBHO OBICTPO cxoxsiTest npu ¢ — —oo. Bosee touno, cremyst [51] (em. taxxke
[31, 35, 36, 37, 143, 145, 147] u nurupyeMyIo Tam JUTEPATYpPY ), ONPEIETUM THIEPOOTTIECK-
yio TpaekTopuio 1"X = X, JUHAMUYECKOW cuUcTeMbl caeayionuM obpaszom. [lycth kaxkaas
ureparusi, 1", aBisercs riajakoi B okpectnoct X € M. Torna cymecrByer auddepeHinali
0T, OTOOpazKeHWil KacaTeIbHOrO IPOCTPAHCTBA Yy, B KacaTeJIbHOE MPOCTPAHCTBO My, .

e S
Tpaexropus x,, Ha3bIBaeTca 2unepbosueckoti, eciu CylecTByIoT nojupocrpancrsa B, n

Ty KacCaTeNIbHOIO IPOCTPAHCTBA Lrky, 0 < k < oo Takme, 4T0 Mpiy = E. + Ef 1
OT iy (Efv,) = Efivryy 0o (Bdiy) = Efiiny, ||0Trexe|| < cllel|, e € Esv, ||0Trexe|| >
¢ Hlell, e € EY,, dist(ES,,, E%.,) > const, 0 < k < 00, e ¢ — HEKOTOpasi HOCTOSHHASL.

MuoxkectBo A Ha3bIBaETCS 2UNEPOOAUNECKUM MHOHCECMBOM, €CIA OHO 3aAMKHYTO U COCTOUT
U3 TPAEKTOPHIA, YIOBJIETBOPSIONINX YCJIOBHAM runepboananoct. MuaoxKecTBO A Ha3bIBaeTCst
2unepboAuNeCKUM AMmpPaKmopom TaHaMuaeckoil cucremsl {1}, (t € R wm t € Z), ecn A

— 3aMKHYTOE TONOJIOrnuecKn Tpansutusnoe (T.e. ausg U,V € A somonuserca T'U NV # ()
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rUnepOOTMIeCcKOe MHOKECTBO U CYIIECTBYeT Takasd okpectHocts U D A, uro A = N TH(U).
>0
Takum obpazom, runepboimdeckuii aTTpakTop A — 3aMKHYTOE TPUTSITHBAIOINIEE MHOXKECTBO,

MHBAPUAHTHOE OTHOCATETHHO TUHAMUIECKOH cucrembr {17}

['unepbomIecKuii aTTPakToOp XapaKTepUu3yeTcs TeM CBOHCTBOM, 9TO OH ABJISTCS CTPYK-
TYPHO YCTOWYUBBIM MHO2KeCTBOM. CHCTEMBI ¢ IHIEpOOTHYECKUM ATTPAKTOPOM HMEOT Ha-
nbosiee BHIpaKEHHBIE XaO0THIECKHe CBOHCTBA. MaJible BO3MYIIEHHs TAKUX CHCTEM HE MOIYT
IPUBECTH K KAYeCTBEHHBIM MePecTPOKaM KaK CaMOro arTpaKTopa Tak M IIOBEJeHUST CUCTEM B
nenoM. /IuHaMI9IecKne CUCTeMBI ¢ THIePOOTHIECKIM TUIIOM aTTPAKTOPA ABJIAIOTCS MOIETAMM
CTPYKTYPHO YCTOWYHMBBIX CHCTEM €O CTPOTO XaoTmdeckKumu cBoiicrBamu [35, 117]. Oxnako
B HACTOSAIIEE BpeMs TUIEPOOJTUIECKHX ATTPAKTOPOB MOCTPOEHO HEMHOIO. DTO H3BECTHBII
conenons; Cwmeitna-Bunbsivca (cm., Hanpumep, |21, 25, 26, 31, 35, 42, 55|, arrpakrop Jlo3n
[35, 51, 143, 148, 149, 150|, arrpakrop [Lisikuua |25, 35, 36, 147, 151] u arrpakrop Besbix
143, 152, 153).

ArrpakTop A sBigeTCS cmoracmuMeckum, eCau st 1000 abCOII0THO HENpPepbIBHOI
uBapuaHTHONH Mepbl p B U ee cmermenue (1 (C) = p(7T'C) npu t — oo cxomures (crabo)
K IpeJeJbHONl MHBAPUAHTHONR Mepe v, KOTOpas He 3aBUCHT OT /i, U JAHAMHYECKas CHCTeMa
(A, v, {T"}) obnanaer cpoitctBoM mepemermuBanus [117, 143, 145]. Croxacruueckuii arTpak-
TOP ABJISETCS MATEMATHICCKUM 00pa30M HaOJII0JaeMOr0 PasBUTOTO XaO0THIECKOTO MOBEICH-
ug GuU3NIECKol cucreMbl. VI3BeCTHBI MpUMEp CTOXACTHYECKOTO ATTPAKTOPa — ATTPAKTOP
Jloperna npu b = 8/3, o = 10, r = 28 [153, 154, 155]. MaJble BO3MYIIEHUs] CHCTEM CO
CTOXaCTHYCCKUM aTTPAKTOPOM MOTYT NPHBOIUTH K MOAMMDUKAIMAM TAKOTO aTTPAKTOPa, HO
B TO K€ BpeMs JUHAMUKA CACTEMBI OyIeT 0CTaBaThCA Xa0THUIECKOl. Besgkoe runepboimaeckoe
peIeIbHOEe MHOYKECTBO ABJIAETCS CTOXaCTHUCCKIM aTTPAKTOPOM. B TO JKe Bpems cToXacTHIecK-
Me aTTPAKTOPbI HeOOSI3aTeIbHO ABJIAI0TCA cTpanubiMu (eM. [34, 35, 37, 143, 153|).

[MTomapnsiomee GOMBITMHCTBO ATTPAKTOPOB XaOTUICCKUX JUHAMHYECKMX CHCTeM MPHHA-
JTeZKAT K KBA3UCTOXACTHIECKOMY THITY (T.e. SIBJISIOTCS KBasuaTTpakropamu) [156, 157]. Ksa-
3MCTOXACTHIECKHE ATTPAKTOPBI COJNEPKAT B ce0e MOMHMO CEJIOBBIX IIPEIETbHBIX IUK/IOB
eme M yCTONYMBBIC NMpeJeJbHbIe HUKJIBI, MePUOJ KOTOPBIX JOCTATOYHO BEJIHMK, a 00JacTh
nputsazkenuda Mana. Ciaabble BOSMYIIEHHSA CHCTEM ¢ KBA3HCTOXACTHIECKHM aTTPAKTOPOM Be-
JYT K CJOKHBIM Ka4eCTBeHHBIM MePecTpoiiKaM KakK B JUHAMUKE CUCTEMbBI, TAK U B CTPYKTYPE
caMoro arrpakropa. 1o 9Toif npuuuHe 11 GONBIINHCTBA CHCTEM HX 00JACTH XAaOTHIHOCTH
BCErJIa COMEPZKAT JIOCTATOYHO MaJible MOJ00/IaCTH ¢ peryasapHoil (mepuoauueckoii) anHam-
UKOil. B OpHIOKEHUAX, OJHAKO, 3TO 0OCTOATETHCTBO HE UIPAET CYNIECTBEHHYIO POJIb, MOCK-
OJIBKY YCTORYMBBIE MPeJe/bHbIe IUKJIbI, COACPIKAIIECd B KBA3UCTOXaCTHICCKOM aTTPAKTOPE
HE BBIABJISAIOTCA YUCACHHO. JIMHAMEUKA CHCTEMBI ¢ KBA3MCTOXACTHICCKAM ATTPAKTOPOM TaK-
JKe BBIDIAAAT XaoTuueckoii. Hampumep, amajiuTudeckue pesyabraThbl TeopuH OudypKalmii
IOKa3bIBAIOT, U4TO B cucreme JIopeHna ¢ mapamerpaMu, OeCKOHEYHO OJM3KUME K 3HAYCHUAM
b=238/3, 0 =10,2, r = 30,2, cymecTBYIOT ycTORUUBbIE TpeaeabHble MUKbl [158, 159]. Ho
HUKaKHe YHCICHHbIC METOIBI 10 HACTOSINEr0 BPEMEeHU He BLIABUJIM 3TH IUKJIbL.

[TapajiesbHO ¢ U3yYeHneM OCOOEHHOCTEH M THUIIOB aTTPAKTOPOB XaOTHYECKHE CBOHCTBA

JIMTHAMUYECKUX CUCTEM MOYKHO MCCIe0BATh MOCPEJICTBOM aHa/n3a (ha30BbIX TpaekTopuii. B
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9TOM OTHOIIEHUH HAWOOJIee PA3BUTON SBIAETCSI TEOPHUsl OJJHOMEPHBIX OTOOparKeHHIl.

3.4 OpgHOMEpHBIE OTOOpAKEHUSA

OiHOMepHBIe 0TOOpPaKEeHHSI MTO3BOIAIOT AHATUTHIECKH IOy YUTh PAJT BAKHBIX CBOIICTB, KOTOPHIE
MOT'YT OBITH 00OOIIEHBI Ha CHUCTEeMbBI OOJBIIUX pasmepHocTeil. C apyroift ¢roOpoHbI, MHOT-
OMepHbIe JTUHAMUYIECKHE CHUCTEMBI YacTO CBOIATCA K OJHOMEpHBIM. Tak, XapakTepHbIE OC-
00EHHOCTH HW3BECTHOTO cosenougaabaoro mudgdeomopdusma Cumeitta-Buabamca D? x S?
HOJIHOCTHIO OMHUCHIBAIOTCS OTOOpaYKEHNEM OKPYKHOCTH CTENeHH JBa. | eoge3mdecKue mOTOKN
Ha THIePOOTHIECKON MOBEPXHOCTH MMEIOT MHOI'O ODIINEro ¢ OJHOMEPHBIMH JUHAMUYECKUMUI
cucremamu. Hakoner, budypKamuonHast CTPyKTypa MHOTOMEPHBIX CHCTEM JOCTATOYHO XOPOIIIO
OIIMCHIBAETCS MOCPEICTBOM KAUECTBEHHBIX MEPECTPOEK, BCTPEUAIOINXCS B OTHOMEPHBIX 0TOOpa-
skerustx. [To sTuM npuanHaM 0JHOMEPHBIE OTOOPAYKEeHNsT HHTEHCUBHO UCCAEAYIOTCS U B HACTOSIIEE
BpeMsI IIPeJICTABIAIOT COOOI OTBETBUBIIUICSA U OBICTPO PA3BUBAIONIUNCS PA3/1e/T TEOPUH JTITHAM-
UYIECKUX CHCTEM.

OHEM B3 caMBIX 3aMedaTeTbHBIX PE3Y/IbTATOB TEOPUU OJHOMEPHBIX OTOOPAZKEHUI SIBJISIETCS
reopema A.H.ITTapKoBCKOro 0 cocymecTBoBaHud TUKJIOB [160]. DTa Teopema yKasbIBaer, MuK-
JIBI KAKUX TIEPUOJI0B NMeeT 0TODparkeHue, ecim oOHO 00JIa/aeT MUKJIOM repuojaa k > 1.

JLns mosicaenus pe3yabraTa [LIapKoBCKOTO pacnomoKuM HATYpaabHbIe YUCTA CJIETYIOTIIM

obpazom:

1421422423 q-.-q2"q---123.94923.74923.54923.34q---
c00422.94922.74922.5422-349---42-942-742-542-349---494715<«3 .

Taxkoe pacmosioxkenue HazbiBaeTcs nopadkom Llaprosckozo. Tepema IllapKoBCKOro yTBep:K-
JIaeT, YTO eC/IM HelpepbIBHOE OTOOparkeHWe MHTepBaJia MMeeT UK/ nepuoia k, To TO OHO
MeeT TaKKe IMUKJIBL Kaxk10ro nepuoga k' takoro, uro k' <k B cmeicie nopsaaka Ilapkosek-
oro. B wactHOCTH, ecu oToOparkeHne MMeeT UK/ MEePpUoa 3, TO OHO MMeeT TAKKe IUKJIbI
BCEX EPHOI0B. DTO MOCIeNHee YTBep K aeHne, nokasannoe B padore T.JIn u Tx.Mopka [161]
muoro no3zxke A.H.IIlapkoBckoro, ¢TaJio H3BeCTHO KaK IIEPHOI TPH IIOAPA3yMeBAaeT Xaoc.

st onpejiesieHUsT XaOTUIECKOT'O TIOBEIEHHSI OJHOMEPHBIX OTOOparKeHUI MCIOIb3YIOTCS
CBOMCTBA TOMOJIOTUYECKON TPAH3UTHBHOCTHU, IJIOTHOCTU MEPHOIMIECKAX TPACKTOPH (IUK-
JIOB) MJIM CBOWCTBO IMepEeMeINInBaHusi, KOTOPbIE JIEIKO TePEHOCATCST Ha OJHOMEDHBI CJIydaii.
[Tycts A — KOMImaKkTHOE MHBAPUAHTHOE MHOXKeCTBO oTHOCUTEIbHO 1. Torma 310 MHOXKECTBO
A HA3BIBAETCS MONOA02UMECKU MPAH3UMUBHDLM, €CITH I TIOOBIX IBYX OTKPBITHIX MHOXKECTB
Q1, Qy maiigerca aucno t raxkoe, uro TH(Q;) N Qy # (. Tosopar, uto orobpaxkenne T nveer
YYBCMBUMEALHYIO 3GBUCUMOCTIL OM, HAYAALHOLT Ycaosud HA A, ecnu cymmecTByer € > 0 Tak-
oe, uto x € A m m1060it okpecrraoctr U Touku x cymectByer y € U u t > 0, 471 KOTOPHIX
|Ttx — Tty| > €. CBOICTBO IJIOTHOCTU MEPUOIUICCKUX TPACKTOPHUl O3HAYAET, UYTO B JIFOOOIt
OKPECTHOCTH JIF000iT TouKH B A cyliecTByer 10 KpaiiHeil Mepe onHa (4, c1e10BaTebHO, GeCK-
OHEYHO MHOIO) TIEePUOJANIECKIX TPACKTOPHIA.

Otobpazkenne 1 Ha3BIBACTCS TAOMUYECKUM, €CITH BBITIOTHIIOTCA CJIEAYIONHe YCIOBUA
[162]:
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a) T aBJIsIETCS TOMOJOTHYECKH TPAH3UTUBHBIM Ha A;

6) nuKJIbl oTOOpazkeHusi T’ SBISIOTCS MJIOTHBIME B A;

6) T uMeer UyBCTBUTEILHYIO 3aBHCHMOCTH OT HAYAJBHBIX YCIOBHIL.

Takuwm obpazom, xaoTudeckoe oTobpazKeHue JI0IKHO 00J1a/1aTh TPeMsl BayKHBIMU CBOHCTBaAMHU:
HeIpeICKa3yeMOCTbIO, HePA3JIOKUMOCTHIO H 3JIEMEHTOM peryasapHocTd. OIHAKO He TaK TaBHO
ObLI0 0OHApY2KeHO [163], 9To B JAHHOM ONpe/eJIeHHH Xa0THIHOCTH YCIOBHE 9yBCTBUTEIHHON
3aBUCUMOCTH OT HAYAJIbHBIX YCJIOBUI siBJIsieTcs n30bITounbIM. HbIME cli0oBaMu, ecjiu oTobpa-
xkeume T : A — A HempepbIBHO W TPAH3UTHBHO, a MUKJLI IIOTHBI B A, To T obiamaer
CYIIECTBEHHOI 3aBUCUMOCTHIO OT HAYAJIBHBIX YCIOBUIA.

Hemuoro moszxe 6110 moka3ano [164], 4To B onpejiesieHun Xa0TUIHOCTH HE TPAH3UTHBHO-
CTb HU IJIOTHOCTH IIUKJIOB HE CJIEYIOT 3 OCTaBIIUXCH JIBYX YCI0BUii. Bojiee Toro, Tpan3nTus-
HOCTb W YyBCTBHUTEJIbHAs 3aBHCHUMOCTDH YCTONYUBBI IO OTHOIIEHWIO K 3aMBIKAHUIO, & TaKzZKe
pU OIPAHWYEHNH Ha IUIOTHBIe WHBapHAHTHBIE MoAMHOXKecTBa [165]. Takum obpazom, mo-
BHJIIMOMY, OTOOpaKeHue, 3aJJaHHOe Ha KOMIIAKTHOM MHOZKECTBE, MOYKET OBITH ONpeJe/IeHO
KaK Xa0THYeCKOe, eCTH OHO 00JIaJaeT IyBCTBUTEIHHON 3aBUCHMOCTHIO OT HAYAJIBHBIX YCJIOB-
Uil 1 UMEET IJIOTHBIE IUKJIBI.

C apyroit cTOPOHBI, OJTHOMEPHbIE THHAMIYECKIE CUCTEMBI IPOABISIIOT XAOTHIECKYTO TUHAM-
UKy, ecju 06JIaIaloT CBOMCTBOM niepemeniuBanus. lajgum crporoe onpejenenune. MHO)KecTBO
A HA3BIBAETCS NEPEMEWUBAIOULUM MHOMCECTNEOM, CIU IS OTKPBITOTO MOAMHOXKecTBa U

B A n s06oro koHewHoro mokpeitust > = {0, } mHOKectBa A cymecrByer m = m(U,X) u

r > 1, 3aBucaiee ToabKo or A u takoe, yro 1 (TL_Jl T'U ) o; # 0 nna Beex j. Ecmu nunam-
nYecKasd CUCTEMA SABJISETCS MepeMeITuBaoIeit n Ole;OI/IMeeT aTTPAKTOP, TO ATTPAKTOP TAKOTO
THIIa HA3LIBAETCA IIepeMelInBaIoIMUM. Bosee TOYHO, MHOMKECTBO A HA3BIBAETCA Nepemelt-
UBAIOULUM AMMPAKMOPOM, ecIu A dBIsgeTcsa aTTpakTopoM, T.e. umeerca V O A takoe, 4To

VAN TV CAu N TV =A, uogHopeMeHHO A — mepeMenInBaIiee MHOKeCTBO i 1.
>0
CRoiicTBO TIepeMennBaHus Ha, OPeJIeIEHHOM MPUTITUBAIONIEM MHOXKeCTBe A mmeer cie-

JICTBEEM TOHOJOTHYECKYI0 TPAH3UTUBHOCTL. B CBOIO 0Yepeb, TOIOJOIHYECKAd TPAH3UTHB-
HOCTh 9KBUBAJIEHTHA TOMY (DaKTy, 910 B A nMeeTcst BCIO/Ly MJI0THAsI TpaekTopusi. Bosee Toro,
HMeeT MecTo ceayiomee yreepzxaenue [93]: ecmu f € C°(1, 1) u [ — waTepBas, TO HepeMenI-
MBAIOIIHIL ATTPAKTOP COCTOUT U3 HECKOILKHUX MOJBIHTEPBAIOB, KOTOPBIE MUKIXICCKI OTOOpa-
JKaIoTCd JPYT B JApyra, U MePHOANIECKNe TOYKH IJIOTHBI HA HEM.

Paccmorpum orobpazkerue uarepsana I B obuieit popme: Ty 1 I — I, I = |« ]
Ty :x+— f(a,z), (20)

rje a — ynpasisonuit napamerp. Orobpazkenne T nnrepBaa [, ]| obaagaer raomuueckum
nosedenuem (W raomuueckoli dunamukol), ecm OHO UMeeT abCOMIOTHO HEMPEPHIBHYO
MHBAPUAHTHYIO MepY /i, 10 OTHOLIEHHIO K KOTOPOil o-aaredbpa /t\ T~!(8) cocTout U3 KOHEIHOTO
qnca aToMoB, riae S — g-anrebpa GOPeNeBCKUX MOAMHOKeCTB uaTepsania [«, 3] n T 4(S) —
o-anrebpa noaMuozkecTs, nvmeromux sug 1T-C, C € S [51, 52].

OcraHOBHMCST HEMHOTO TTOPOOHEe Ha 3ToM onpeesennn [52]. Kak uzsectHo, sngomopdusm

T upocrpancTa M B cedsa Ha3BIBACTCS MouHbLM, ecid (| M, = Sy, rae Sy — o-aarebpa moam-
n

23



HoxkecTB M Kotopbie umeior mepy 0 mim 1. JlomycTuM, 9TO B MPUBEIEHHOM OIIpeIeTeHIN
o-ajrebpa cocrout u3 r aromoB. Torga cymecrByer r noamuoxkects Cq, Co, ..., C., KOTOpBIE
JIOTZKHBI YI0BIeTBOPATD ceaytomuM yeaosusM: C;NC; =0 nnsa i # j, Ciy =TC;, i <r, m
TC, C Cy. Ilpu 3T0M 3progndecKuMu KOMIIOHEHTaMI 0TOOpazkeHust T SABISIIOTCS MHOYKECTBA,
C;, 1 < j <r.B cBoo o4epennb, 0ToOpaKeHHe T’"|Ci OyJeT TOYHBIM SHIOMOPGMU3MOM U, TAKAM
06pa30M, MPOSIBJIATH CBOWCTBO mepemermBanust (M. [116]).

W3zBecTHbIil TPEMED 0OTOOPaYKEHHST C XAOTHIECKUM MTOBEJEHIEM — KBaIPATHIHOE 0TODOPa-
wkeune npu @ = 4, T : x — 4z(l — x). D10 0TOOPAKEHHE HMEET WHBAPUAHTHYIO Mepy,
KOTOpasi HelpepbiBHA 10 OTHOIIeHnIo K Mepe Jlebera, p(dr) = dx/ (m/x(l - x)) Onnako B
o0IIeM cJiydae HHBAPUAHTHYIO Mepy B SBHOM BHJIe HAlTH He yJIaeTcs, U ee MOCTPOeHue J/is
MPOU3BOILHBIX TUHAMUYIECKUX CHCTEM SIBJISIETCS JIOCTATOYHO CJIOYKHOI 3a1adeii.

B Teopun omHOMEpHBIX OTOOpazKeHWit BayKHYIO poJib HTpaeT mpousBojgHag IlIBapma S f
bynxkunu f: Sf = f"/f" — 3(f"/f')?/2. B uacruocru, yunmopaabuoe orobpazkenue T,
¢ yeropueMm Sf < 0 moxker mmerh He Gosee deM oauH ycroitumsbiii muks [166]. Bosee
TOro, oToOpakeHne ¢ OTpUIATe N bHOI mpousBoaHoil [IIBapia mMeer abCOTIOTHO HEIPEPbIB-
HYI0 WHBAPUAHTHYIO MEpPY, €CIH OpOWTa ero KPUTHIECKOH TOYKU T, TMOMATALT HA OTTAJIK-
HBaoIee KAHTOPOBO MHOXKECTBO MJIM KOTJIa OPOUTA 9TOI TOUKHU, HAMUHAS C HEKOTOPOil HTepaIu,
COBIAJAET C HEYCTOIYMBBHIM IMKJIOM KOHEYHOro mepuoja. Boaee touno [167, 168|, mycrs
orobpazkenne (20) gBIsgeTcs YHUMOJIAIBHBIM OTOOpazkenneM unTepBasia I B cebst, a GyHK-

nust [ wMmeer orpunarebayio npoussogayo [Isapma. [Ipemgmonoxum, aTo

T'Tmg, = T,
(21)
T'Trg, - T' Ty, - T TmHA g | > 1

rae T (z.) = 0 mwm, [ > 0 — HeKoTOpBIE Hebie uncia. Torma Ha uHTepBase I cymecTByer abe-
OJIIOTHO HelpepbIBHASI MHBAPUAHTHASI MePa. DTOT Pe3y/IbTaT U3BeCTeH Kak meopema OzHesa-
Mucropesuna.

Heobxoanmo ormMeTuTh, 9TO €C/IM YHUMOAJIbHOE 0TOOParKeHne C XaoTUIEeCKUM IOBeIeH-
neM UMeeT OTPUIATeTbHYI0 Tpou3Boanyo [IIBapra, To oHO He Mootcem umemsb YCTORTHBBIX
[UAKJIOB.

Ob6o3HaYNM MHOYKECTBO IapaMeTPUIECKUX 3HAUCHUH ¢, COOTBETCTBYIONIUX Xa0THICCKOMY
HoBeIeHn0 oTobpazkenusa 1,, dyepe3 A.. /I/1s1 HEKOTOPBIX ceMeiicTB 0TOOparKeHuil, onpeeie-
HHBIX Ha MHTEpBaJe, Mepa TaKWX MapaMeTpHIecKnX 3HadeHuil mosoxkuresnbHa (cMm. [51, 52,
169, 170, 171]). B wactHOCTH, OBLT TOIYUYeH 3aMeYaTebHbIH PE3YIBTAT O TOM YTO MHOKECTBO
3HAYEHUl mapaMeTpa a, I KOTOPBIX KBajapaTudHoe orobpaxkenue Ty, : x — ax(l — ) um-
eeT MOJIOKUTENIbHBII moKa3aTe b JIanyHoBa, 06/1a1aeT MOI0KUTeIbHON Mepoit JleGera (cM.
[169, 170, 171]). CaeacrBueM u3 3TOrO YTBEPK/EHUs sIBJIsieTCsl BakKHash Teopema fIkobc-
ona [172]: Ilyctb F' — omuomepHOe oToOpazkenue, 6im3koe B C? HOpMe K OTOGPasKeHHIO
x +— x(l —2z) u ay — 3HaYeHne mapamerpa a taxkoe, 9o aoF'(z.) = 1. Torma mepa MHO)KecTBA
A, ={a € (0,a0] | F, : x — aF(z) umeer abCOTIOTHO HEMPEPHIBHYIO WHBAPHAHTHYIO Mepy },

SABJISIETCS NOAOHCUMENBHOU.
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Ormerum emie oauH riy6okuii pesysabrar [173], Kacalouuiics OTHOMEPHOTO 0TOOPAKEeHU ST
(20), mopoxkgaemoro KBaaparudanoii dyukmeii f(z,a) = ax(l — x), a € (0,4] = A. Jonroe
BpeMsl CYIECTBOBAJIA MHIIOTE3a, YTO 3HAYEHUS TAPAMeTPa, ¢, COOTBETCTBYIOIIME YCTORIHBOMY
HEePUOIMIECKOMY MOBEIEHNI0 TAKOTO OTOOPayKeHnsI, BCIOAY TIOTHBI B obsactu A. YucaeHHbIe
HCCIeI0OBAHUS MOKA3AJM, YTO C YBEIUUEHHEM ¢ JOJs TeX ero 3HaYeHHi, KOTOPble OTBEYAOT
XaOTHYECKON THHAMIEKe, yBeandnBaercs. B pabore [173] 6110 q0Ka3aHO, 9TO €CIU JBa KBa-
JIPATUYHBIX OTOOPArKeHUsT ABJISIOTCA TOIOJOIHYECKH CONPSKEHHBIME, TO OHU SBJIAIOTCS W
KBA3UCHUMMETPUIHO CONPSIKEHHBIMA. Torga u3 obIieil TeopuH OJHOMEPHBIX OTOOpaKeHMi
(eMm. [169]) MOKHO caenaTh 3aKI0YEHHe, YTO MHOYKECTBO MapaMeTPUYeCKUX 3HAYEHU, JI/Ist
KOTOPBIX OTOOpaKeHNe UMeeT OJHY U TY YKe HeMepUOANICCKY IO HUIXHI-TI0CIeI0BATENbHOCTD,
MMEET TOJIHKO OJIMH JIEMEHT. DTO 03HAYAET, B YaCTHOCTH, YTO MHOKECTBO 3HAYEHUIT napam-
erpa, JIJIs KOTOPOI'o COOTBETCTBYIOIIEE OTOOPaKEeHHEe 001a1a€T YCTONUNBLIM IUKIOM, SABIAETCS
OTKPBITBIM H ILJIOTHBIM.

OHUM U3 TPOCTEHINNX KJIACCOB 0TOOPAsKeHHI ¢ CUILHBIMU CTATHCTUYCCKUMHE CBOICTBAMHI
ABJIAIOTCS PACTATUBAIOIINE OTOOPAYKEHHS.

[Tycrs f — mnexkoropast dynknus na R!, obnanaroumas ciepyromumu csoiicrsamu: (a)
feC™ g a>0;(6) f'(x) >N >1; (6) f(x+1) = f(x) +r 11a HEKOTOPOTO TWEJIOTO T;
(2) f(0) = 0. Torma orobpazkenne T : x — f(x) siBIsIeTCST TOYHBIM HIOMOPGU3MOM, HMeEeT
MHBADUAHTHYIO MepY [, SKBUBaJeHTHYIO Mepe JleGera, u surponus h(T) = [In f'(x)du(x).

DTH cBOiiCTBA paCTATHBAIOMMX 0TOOparkeHuii OblIn onucanbl B paborax [174, 175, 176).
[Tozxke Gosiee obiie pe3yabraThl O CBOWCTBAX MHBAPMAHTHBIX Mep HECXKMMAIOIIUX 0ToOpa-
Kenuii (HO HeoGsI3aTeIbHO OTHOMEPHBIX) ObLIN MOMyUYeHbl B pabore [177], KoTopbie, B CBOIO
o4epeh, ObLI 0000IIEHBI Ha IMMPOKHIi KJIaCC KyCOYHO-MOHOTOHHBIX PACTATUBAIONINX Mpeobpa-

30BaHUIl, BKIIOUYAIONHUX JOCTATOUHO NOIYISPHBIT mpuMep = +— Sz (mod 1) ¢ uppaloHaIbHbIM

g >1]178|.

4 3akJI4YNUTeJbHbIE 3aMeYaHUd

B mamnom 00630pe Ha JOCTATOYHO CTPOTOM yPOBHE ONMHUCAHBI OCHOBHBIE TOJIOXKEHHST COBPEMe-
HHOl TEOpUM XaOTHYECKUX JIMHAMHYECKUX cucTeM. HeoOXoaumMo OTMETHTD, YTO UCC/Ie/I0BAH-
e XaOTHYeCKHX KOoJeDaHWit B HACTOAIIEe BpeMsl CHJIBHO pa3BeTBHIOCH. [logBuanch HOBBIE
HAIDaBJIeHUsI, CBSI3aHHBIE C Teopuell WHBapHaHTHOW Mepsl |25, 27, 111, 120, 143, 145, 169),
M3y4YeHreM FOMOKJIMHIYECKUX CcTPYKTYD [36, 37,94, 95, 96, 98, 99, 106], cBoiicTBOM rumepOOTHIHO-
cru (25, 26, 31, 94, 95, 111, 144], reopueii mokazareseit JIsmynosa [43, 110, 111, 113, 125, 136,
137] m npyrumu xapakrepuctukamu (cMm., HanpuMmep, (24, 25, 27, 31, 36, 51, 93, 103, 105, 109,
118, 127, 162, 169, 179, 180| u npuBegennyto tam aureparypy). [109TOMYy KOJIUIECTBO pabOT
B 9T0#1 obslacT npakTudecku HeoObaTHO. Tak, Oubnorpadus 1Mo JUHAMUYIECKHUM CHCTEMaM
[181] Bruowaer Gomee 4400 myGimkamumii, a Mo XaoTHuecKnM KonebammsaMm [182] — okomo
7000 (!). Kpome Toro, BHymmTeIbHBIE CIUCKH JUTEPATYDPbI 10 MPAKTUIECKH BCEM COBDeMe-
HHBIM HalpaBJeHUAM HeJTUHEHHO#l TUHAMUKU U ee TMPUIOKEHUAM COOPaHbl B MOHOTpaduIx
[25, 27, 31, 36, 42, 55, 56, 57, 58, 59, 60, 64, 84, 111, 112].
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[Iepexoa K XaoTU4IeCKUM KOJIeOAHUAM B JUHAMUYECKUX CHCTEMAaX OCYIIECTBJIISIETCS depes
IMoCJIeJ0BATCJIbHOCTh KaY€CTBEHHBIX II€PEeCTPOCK B HUX IMOBEICHHMU. OCHOBHbIe TUIIBI TaKUX
HepPecTpoeK MpH ILJTABHOM H3MEHEHHU ITapaMeTPOB CHCTeMbl W METOJbl UX OIMUCAHHSA IPHU
IMOMOIIA PEHOPMI'PYIIIIOBOTO aHAJIN3a, COCTABAAET CAMOCTOATE/IbHBINA pa3ae/ HeJIMHEHHON JTuHaM-
UK — Teopuio OudypKamuii. BoabInoi HHTEpec ¢ TOYKU 3peHnsl BOSHUKHOBEHUST XaOTHIeCK-
uxX KojebaHuil MpejICcTaB/ISIOT MePecTPOKN CUCTEM B IEJI0M, UX TOJMHOYKECTB U aTTpPaK-
topoB. Haubosiee vacTo BeTpevalonmecs: B NPUJIOKEHUAX TUIBI TAKUX OudypKaiuii Onucanbl
B §2. I3 nureparypsl o Teopun oudypkamuii ciegayer oOpaTUTh BHUMAaHUE Ha JIOCTATOYHO
nostabie 0630ph (37, 47|, monorpadun [36, 38, 39, 40, 183| u paborhl, BKIOYAOIINE HCTOPHIO
Bompoca [184, 185].

B nacrosiiiee BpeMst cymecTByeT HeCKOJIBKO MOAX0A0B K U3YUEHUIO CBONCTB Xa0THIECKUX
JUHAMHYIECKUX CHCTeM. P TaKuX IMOJXOJOB JaH B §3, e Ha CTPOrOM ypOBHE IpeJcTa-
BJIEHBI OCHOBHBIE€ KOHIENIIMH SPIOJUYECKOl TEOPUH U TEOPUHU OJHOMEPHBIX OTOOparKeHUil,
OTHOCAIIIHUECA K Xa0THUYEeCKOI JMHAMUKE. B Ka4deCTBe ﬂaﬂbHef/'IHIeFO O3HaAKOMJIECHUA MOZKHO
pekoMenjioBaTh paborer [13, 21, 23, 25, 27, 51, 111, 118, 125, 126, 144, 162].

B zakouenne #He00X0MMO OTMETHTD, 9TO TJIABHON MEIBIO JJAHHOTO 0030Pa SIBJISIETCST OTI-
HCaHKe PA3JUIHBIX MOIX0I0B, HCIIOIb3YEMbIX B HACTOSIIEEe BpeMs IPU aHAIN3e HeJTHHeHHBIX
JIMHAMUYIECKUX cucteM. EcrecTBeHHO, 9TO Psiji METOJOB U MPOOJIEM OCTAJIOCH 3a MpeeTaMu
Halrero pacceMorpenus. OIHAKO MOIABIISIONIEe OOTBIINHCTBO OTPAKeHO B paboTax, yIeOHBIX

nocodusix u MOHOTpadUX, MPUBEJECHHBIX B CIUCKE JIUTEPATYPHI.
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