SAINT-VENANT’S PRINCIPLE IN BLOW-UP FOR
HIGHER-ORDER QUASILINEAR PARABOLIC EQUATIONS

V.A. GALAKTIONOV AND A.E. SHISHKOV

ABSTRACT. We prove localization estimates for general 2m-th order quasilinear para-
bolic equations with boundary data blowing up in finite time, as t — T~. The analysis
is based on energy estimates obtained from a system of functional inequalities expressing
a version of Saint-Venant’s principle from the theory of elasticity. We consider a special
class of parabolic operators including those having fixed orders of algebraic homogenuity
p > 0. This class includes the second-order heat equation and linear 2m-th order para-
bolic equations (p = 1) as well as many other higher-order quasilinear ones with p # 1.
Such homogeneous equations can be invariant under a group of scaling transformations,
but the corresponding least localized regional blow-up regimes are not group-invariant
and exhibit typical exponential singularities ~ e(T=9"" — o0 as t — T~ with the op-
timal constant v = 1/[m(p+ 1) — 1] > 0. For some particular equations, we study
the asymptotic blow-up behaviour described by perturbed first-order Hamilton-Jacobi
equations, which shows that general estimates of exponential type are sharp.

1. Introduction: statement of the problem, blow-up localization,
Saint-Venant’s principle and energy estimates

Saint-Venant’s principle formulated in the theory of linear elasticity in the middle of
the nineteenth century, led to the concept of energy estimates, and in the second half
of the twentieth century became a fundamental tool of the general theory of linear and
nonlinear partial differential equations (PDEs). Using such energy estimates, several
important problems on existence, uniqueness and asymptotic properties of solutions to
different classes of PDEs were solved. The main feature of the method of Saint-Venant’s
principle consists in integral estimates on solutions over suitable families of subdomains
in the space of independent variables. It is well known that sharp energy estimates are of
principal importance in nonlinear equations with singularities and measurable coefficients
admitting generalized or weak solutions only. In applications, choosing suitable continuous
variables or, if necessary, discrete partitions, the PDE under consideration generates a
system of differential-functional inequalities for energy functionals. The type of duality
between PDEs and corresponding systems of functional inequalities then plays a key role.

In this paper we present an application of Saint-Venant’s principle to localization blow-
up phenomena for a class of quasilinear 2m-th order parabolic equations. The study of
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such singular blow-up processes needs delicate estimates near finite blow-up time. This
leads to new systems of functional inequalities, where special choices of infinite partitions
in the independent variables are necessary.

We begin with the mathematical statement of the basic problem. A mechanical and
physical basement of blow-up singularity formation problems and a survey of results on
energy estimates representing Saint-Venant’s principle will be presented next.

1.1. Statement of the problem. Without loss of generality, we formulate the basic
example posed in a simple geometry. Let Q = {|x| > 1} be the open complement of the
unit ball B = {|z| < 1} in R". In the cylindrical domain Q = Q x (0,T) we consider the
Cauchy-Dirichlet problem for a general quasilinear 2m-th order parabolic equation (here
m > 1 is integer and ¢ > 0 is a fixed exponent)

(1.1) (Jul*""u)e + Y (=1)"Deaq(x, t,u, ..., Du) =0,
la=m

(1.2) u(x,0) =up(x) € Ly+1(2) in Q,

(1.3) D3(u—f)=0 on 0Q x (0,T) for any |o] <m — 1.

The functions a,(z,t,£) are assumed to be continuous, and the elliptic operator on the
left-hand side satisfies the following growth and coercivity conditions: there exist positive
constants p > ¢ and dy, dy such that

(1.4) 3 aal@ )8 > di( D g
|af=m |8|=m
(15) a0 < (37 IEsl)? for all (2,1,€) € @ x RA™
18|=m

where n(m) is the number of distinct multiindices of the length not exceeding m. We
use the usual notations a = (ay,...,ay), |a| = a1 + ... + ay, D¢ = 91°/9z5*...025" and
D™u = {D%u, |a| = m}. The function f(x,t) determining the boundary values, is a
suitable extension from the lateral boundary 992 x (0,7') into the domain @ such that for
any Ty < T, there hold
(1.6) fG1) € €0, Tol; Lya () 0 Ly (0, To; WL (),
(1.7) fi( 1) € Li(0,To; Lyya () N L,(0,Tp; L. (), r=(p+1)/(p+1—19q).

The main feature of the problems under consideration is as follows. We assume that

the boundary function f(-,t) blows up as t — T~. The rate of blow-up is characterized
by the following function defined for ¢ € (0, 7T):

t
= sup </ |f(x, T |q+1da:> / /|D21f(a:,7)|p+1dxd7
0<r<t 0o Jo
1/(q+1) A
(1.8) + (/ (/ |fT(x,7-)|Q+1dx> d7-> — o0 as t— T,
0 Q
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Without loss of generality, we always suppose that the support of f(-,¢) is uniformly
bounded for ¢ € (0,7). Given S C 99, by W (€2, S) we denote, as usual, the closure in

the norm of the Sobolev space W), (€2) of the subset of functions from C'*(2) vanishing

in a neighbourhood of S. We set W, (2,0) = W1 ,(2) and by (-, -) denote the duality
product between (W, (Q,00Q)) and W (Q,090).

p+1 p+1
Definition 1.1. A function w(z,t) is said to be a generalized energy solution of the
problem (1.1)-(1.3), if for any Ty < 7', there hold
() w1 € Lya(0, Tos Wy, (©2,00)) N C(10, To; Lyt (),

() (1l 0)r € Lginyp (0, o (W,(52,00)°),
(iii) u satisfies the initial condition (1.2) and the following integral identity:

(1.9) /<(|u|q M), x dt+// Z ao(z,tu(z,t), ..., Diu(x, t)) DY (z, t)dxdt = 0,

la[=m

where y(z,t) € L,11(0, Tp; Wp+1(Q 0Q)) is an arbitrary function.

A well-known literature is devoted to questions of local existence and uniqueness of
generalized (weak) solutions of the mixed problem for equations (1.1). In the case ¢ =1,
f = 0 problem (1.1)-(1.3) was studied in detail in the 1960’s; see [31] and references
therein. In the case m =1 and bounded domains €2 existence of energy solutions follows
from [2] for arbitrary Ty < T by the second inclusions in (1.6)-(1.7). Form > 1 and f =0
the solvability of problem under consideration was established in [9] in the case where
equation (1.1) has a variational structure, in particular, if a,(z,t,&) = [£4|P7'¢. The
results admit a natural extension to more general higher-order equations and boundary
conditions.

1.2. Localization of blow-up. The paper is devoted to the study of the localization of
blow-up boundary regimes. B
Definition 1.2. The set of points y € () satisfying for any small ¢ > 0

sup / lu(w,t) |q+1dx—i—/ / u(z, 7) [P dedr | = oo,
0<t<T

{lz—y|<e}nQ 0 {|lz—y|<e}nQ

is said to be the singularity or the blow-up subset, denoted by Qg = Qg(u), of the energy
solution wu(x,t) of problem (1.1)-(1.3). Qg = Q\ Qg is the corresponding non-singular
subset.

Actually, for sufficiently regular solutions, it is expected that wu(xg,t) is uniformly
bounded as t — T~ at any interior point zp € Qr = Q\ Qg, and vise versa, u(xg,t)
is not uniformly bounded as t — T~ for any xy € Qg. For such regular solutions, the
blow-up set Qg is known as the localization domain of the solution (or of the boundary
blow-up regime). In the one-dimensional case, L = measQg is called the localization
length of the blow-up regime, see Chapt. 3 in [44]. We also use the following terminol-

ogy [44]. Given bounded initial data, we say that the blow-up regime, prescribed by the
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function f(z,t) on 09, is localized (respectively, non-localized) if meas Qg < oo (respec-
tively, meas Qg = 00). Localized blow-up regime is called S-regime if meas Qg € (0, 00)
(regional blow-up) and LS-regime if meas Qg = 0 (this includes the case of single point
blow-up). A non-localized blow-up regime with meas Qg = oo is also called HS-regime
(global blow-up).

A general treatment of blow-up processes naturally occurred in the 1930’s - 1950’s in the
context of N.N. Semenov’s chain reaction theory (1930’s), adiabatic explosion and com-
bustion theory (we mention D.A. Frank-Kamenetskii’s equation (1938) admitting blow-up
in the non-stationary version and the first blow-up analysis by O.M. Todes (1933)), see
[19] and [55]. A strong influence was due to blow-up singularities in gas dynamics, the
intense explosion (focusing) problem with second kind self-similar solutions considered
by K. Bechert, K.G. Guderley and L.I. Sedov in the 1940’s; see [3], p. 127, and [56].
Another classical area of blow-up processes occurring in the 1960’s is nonlinear optics.
Here the main model is the nonlinear (cubic) Schréodinger equation admitting blowing up
self-focusing solutions. See references in the book [53] and in surveys in [30], [32].

A great interest to blow-up phenomena in the 1960’s was also generated by highly
nonstationary and nonlinear problems of the Controlled Thermonuclear Fusion (CTF) and
in the Inertial Confinement Fusion (ICF). N.G. Basov and O.N. Krohin [4] (1964) proposed
to use concentrated (focusing) laser beams for heating of a deuterium-tritium (DT) pellet
to create plasma of super-high temperatures. A remarkable feature of boundary blow-up
regimes in CTF-problems was revealed numerically by I. Nuckolls, L. Wood, A. Thiessen
and G. Zimmerman in [33] (1972) showing a principle possibility of the laser blow-up-
like compression of a DT drop to super-high densities without shock waves (these crucial
results were first announced by E. Teller in Montreal in 1972). Such a compression was
expected to initiate a thermonuclear burning (by the Lawson criterion the rate of produced
thermonuclear energy at a fixed ion temperature is proportional to the product of plasma
density and confinement time).

The electron and ion conductivity of fully ionized plasma are known to depend essen-
tially on the temperature. A simplest mathematical model including the heat propagation
only (gas dynamics phenomena are known to be inertial and under certain hypotheses can
be neglected at the purely heat stage) consists of a quasilinear second-order heat equation

(1.10) up — (k(u)u,), =0 in Ry x (0,7),

with given bounded initial data (temperature) u(z,0) = uy(z), and a blow-up boundary
regime at v = 0: u(0,t) = f(t) - oo ast — T~ < oo. Here k(u) > 0 is the given heat
conductivity coefficient satisfying k(u) — 0o as u — oo (k(u) ~ u®? for the fully ionized
plasma) and f(t) is a prescribed temperature on the surface of the DT-target, which is
generated by laser beams and increases in a blowing up (peaking) regime.

A first detailed analysis of the striking effect of space localization of blow-up boundary
regime (S-regime of blow-up generated by a blow-up Standing wave) in the quasilinear
diffusion equation (1.10) with the power law k(u) = u?, o > 0, was performed by A.A.
Samarskii and I.M. Sobol’ (1963) in [45] (such explicit blow-up solutions were used before

as parabolic barriers, see typical references in A.S. Kalashnikov’s survey [21]). In the
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1970’s the effect of space localization in Qg, where temperature u(x,t) tends to infinity as
t — T, became a popular subject and posed a number of typical problems for quasilinear
parabolic PDEs. In particular, the problem of localization of blow-up solutions in reaction-
diffusion equations was first proposed by S.P. Kurdyumov [26] in 1974, see Chapters 3
and 4 in [44] devoted to localization analysis. It was shown that, in a quasilinear model,
the heat and burning localization arises in plasma with the electron heat conductivity and
heat source due to amalgamation of DT nuclei [57]. Such a model, as well as different
aspects of localization effects, are discussed in [28]. An extensive list of references on
localization of blow-up dissipative structures with the historical review can be found in
Kurdyumov’s survey paper [27]. Main mathematical results on existence and nonexistence
of localization of boundary blow-up and singularity formation for equation (1.10) with
rather arbitrary monotone conductivity coefficients k(u) are summarized in [44], Chapt.
3, see also surveys in [12], [13]. A necessary and sufficient condition of localization for
the porous medium equation (1.10) with k(u) = u?, 0 > 0, was established in [20]. For
general N-dimensional quasilinear second-order parabolic equations (m = 1), localization
conditions were obtained in [49], [50] by means of the method of energy estimates we are
going to use below for arbitrary higher-order equations.

In the present analysis, the blow-up singularity is generated on the boundary by means
of a blow-up function. On the other hand, interior blow-up can be generated by extra
source-type lower-order operators, if, for instance, we consider the Cauchy problem for
the quasilinear heat equation

(1.11) ur =V - (k(u)Vu) + Q(u),

where Q(u) > 0 has a superlinear growth as u — oo. Both types of blow-up (boundary
and interior) phenomena are essentially related to each other, the localization terminology
stays the same, though blow-up in (1.11) is more delicate, see the book by J. Bebernes and
D. Eberly [5], H.A. Levine’s survey [30] and Chapt. 4 in [44] for main results and related
references. In general, localization problems of interior blow-up for such higher-order
semilinear and quasilinear parabolic equations remain open.

1.3. Main results and plan of the paper. We prove localization of boundary blow-
up for general 2m-th order quasilinear parabolic equations. Higher-order semilinear and
quasilinear diffusion operators occur in several applications including thin film theory,
nonlinear diffusion, lubrication theory, flame and wave propagation, phase transition at
critical Lifschitz points and bi-stable systems (e.g., the Kuramoto-Sivashinskii equation
and the extended Fisher-Kolmogorov equation). See a number of models and a list of
references in the book by L.A. Peletier and W.C. Troy [39].

It turns out that in the special case p = ¢, when the parabolic operators exhibit some
kind of “linear” properties due to coinciding algebraic homogenuities, the asymptotic
behaviour of blow-up solutions is rather “nonlinear” in the sense that as it is seen from
the theorem below, blow-up estimates do not exhibit any scaling invariance; see further
comments below. The localized blow-up regimes admit the following description for 2m-th

order quasilinear parabolic equations.
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Theorem 1.1. Let p = ¢ > 0. Gwen a blow-up boundary regime f, let the corresponding
function (1.8) satisfy ast — T,

(1.12) F(t) < cexp{A(T — t)_l/[m(P-l-l)—l-i{o]}’

where ¢, A are arbitrary fived positive constants and the constant & > 0 can be arbitrarily
small. Then, for arbitrary constant § > 0, any energy solution u(x,t) of the problem
(1.1)-(1.3) satisfies

(1.13) / lu(x, t)|PHde < C = C(5) < oo for all t € (0,T).
{|z|>1+6}

This means that the singularity set Qg is concentrated on the boundary 02 and f is
a localized blow-up LS-regime. The unit ball €2 can be replaced by any bounded domain
with sufficiently smooth boundary and the result says again that for such boundary blow-
up, the singularity set is concentrated on the boundary. We will present examples (see
Theorem 3.1 in Section 3) showing that such exponential estimates of localized blow-up
regimes are sharp and cannot be improved in general. In a forthcoming paper [14], we
prove a general estimate of the singularity blow-up subsets for the case of the regional
blow-up occurring for & = 0 in (1.12). We also establish the asymptotic estimates of non-
localized blow-up regimes, in particular, corresponding to (1.12) with &, € (1—m(p+1),0).

Theorem 1.1 is proved in Sections 4 - 6 by a modification of the energy estimate method
of the type [38]. We use a version of energy estimates for quasilinear 2m-th order parabolic
equations developed in [47] and [1]. An important feature of our asymptotic analysis is
that, in order to exhibit the localization of blow-up, we derive an infinite functional system
of inequalities for a series of suitable energy functions by means of a specifically organized
spatial-time partition of the (x,t)-domain concentrated near blow-up singularity.

Before proceeding with proofs of the theorem, in order to anticipate typical features of
boundary blow-up in the given class of equations, we study some special scaling invari-
ant quasilinear and nonlinear second and higher-order parabolic equations, which will be
proved to admit non-invariant blow-up asymptotics. In Sections 2 (second-order quasi-
linear equations) and 3 (2m-th order linear parabolic equations) we give more detailed
characteristics of such blow-up singularities including the study of the geometric shape of
localization domains and the asymptotic behaviour of blow-up solutions. In particular,
we prove that in these two classes of problems, the exponential blow-up function on the
boundary

(1.14)  f(t) =exp{(T —t)"}, with the critical exponent n, = —1/[m(p + 1) — 1]

always leads to a localized S-regime with the localization domain of bounded positive
measure, meas g € R,. Therefore, Theorem 1.1 establishes the optimal characterization
of LS-regimes. Moreover, we show that an arbitrary negative perturbation of the critical

exponent n, transforms this localized S-regime into the non-localized HS-regime with the
boundary blow-up

(1.15) F() = exp{(T — )"}, n < n,,

where meas Qg = oo and u(x,t) — oo as t — T~ uniformly on compact subsets.
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The class of quasilinear equations with p = ¢ is a special one. It follows from (1.12) that
the main blowing up regimes are not scaling invariant (though in examples the homoge-
neous parabolic operators are invariant under a group of scaling transformations). Some
approximate scaling invariant asymptotics are obtained by an extra nonlinear logarithmic
transformation v = Inwu. In the next two sections we show that the asymptotic blow-up
behaviour in terms of v(x,t) is described by a blow-up similarity solution of a nonlinear
equation of Hamilton-Jacobi type so that the higher-order parabolic terms form singular
perturbations of first-order equations.

For the linear heat equation with m = 1 and for weakly quasilinear equations (1.10),
N =1, the above results on the blow-up singularity formation via Hamilton-Jacobi equa-
tions are well-known, see first results in [43] and a detailed analysis in [44], Chapt. 3.

It is worth mentioning that the case p > ¢ is simpler in the sense that the main blow-
up asymptotics are given by scaling-invariant self-similar solutions of model equations
[15]. On the other hand, this more nonlinear case generates some specific mathematical
difficulties concerning application of our method.

1.4. Method: Saint-Venant’s principle and energy estimates. Saint-Venant’s prin-
ciple and problem [40] - [42] formulated in the 1850’s play a fundamental role in the linear
theory of elastic equilibrium. First rigorous energy estimates on exponential decay of a
parameterized strain energy and a strain inequality for a cylinder with a loaded cross sec-
tion on the end were established by R.A. Toupin (1965) [54] and by J.K. Knowles (1966)
[22] (in these papers principle earlier references can be found). In particular, a detailed
analysis in [22] established second-order estimates on smooth solutions of the biharmonic
(fourth-order elliptic) equation

(1.16) A*p=0in R, o=, =¢,=0 on IR,

where R C R? is a bounded simply domain (the cross section of the cylinder) with smooth
boundary dR. It is proved that the strain energy

E(z) = / / (P2 + @0y + 202 )dady
R::

contained in the subdomain R, = RN {x > z} (z > 0 is a parameter) decays at least
exponentially with z. Pointwise derivatives estimates were also proved by using mean
value theorems for biharmonic functions. Such energy estimates in a weak form applied to
more general second-order elliptic equations [23] and to the heat (second-order parabolic)
equation [24].

Estimates of behaviour of the energy integrals over the families of inner subdomains
of diameter » — 0 (i.e., those having the structure of Saint-Venant’s principle, we do
not mention other important approaches) play important role in the study of regularity
of generalized solutions of elliptic and parabolic equations. Such estimates for second-
order equations were derived by S. Campanato [10]. V.A. Solonnikov [51], [52] proposed
a method of obtaining such estimates for energy solutions of quasilinear divergent elliptic
higher-order equations, which is based on the use of E. Hopf’s cut-off functions. The be-

haviour of energy integrals for solutions of a general class of higher-order elliptic equations
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near the boundary was studied in [25], where references to earlier papers of the 1970’s on
polyharmonic and equations from elasticity theory can be found.

A systematic extension of ideas of different a priori estimates via introducing a pa-
rameter for classes of partial differential equations (PDEs) is due to O.A. Oleinik and
collaborators, G.A. Tosif’yan, V.A. Kondratiev and E.V. Radkevich (1974-82), see [34]
- [38], [25] and a full list of references in the survey in [38], where, in particular, the
uniqueness in Tikhonov - Tacklind classes for linear second and higher-order parabolic
equations and systems was proved. These were advanced applications of Saint-Venant’s
principle to linear higher-order PDEs. Extra references and further comments on energy
methods for quasilinear higher-order PDEs can be found in Section 4 of this paper, where
we also discuss and compare known energy approaches based on differential and discrete
systems of functional inequalities.

2. Second-order parabolic equations

If m = 1, then the Maximum Principle applies, and for some typical equations we can
study the blow-up behaviour in more detail, including the asymptotic behaviour and the
geometry of localization domains. Let w C R" be a bounded connected domain with the
complement F, = R" \ @. In this section we consider the exterior problem with m = 1,
p > 0, where for convenience we set 7= 1 (and 7" = 0 later on):

(2.1) (JulP~'u), = Aju = Z (|Vu|p_1uri)$i in @=E, x(0,1),
(2.2) W@ t) = f(a.t) on S=0wx (0,1), u(0)=u(x) in E,.

We assume that f(z,t) blows up at t = 17. Without loss of generality, we suppose that
f > 1 and ug(x) > 1, hence u > 1 in @ by the Maximum Principle. Such quasilinear
parabolic equations of the second order are well known in the literature, see the classical
book [31] by J.L. Lions, Kalashnikov’s survey [21] and E. DiBenedetto’s book [11]. By
an energy solution we mean a weak one. Since the operator of the parabolic equation
is not monotone, the uniqueness of such weak solution is not straightforward. We then
assume that u(x,t) is a unique maximal solution, which is constructed by monotone
smooth approximations. It satisfies the Maximum Principle and the usual comparison
holds. Such a construction of extended limit semigroups of extreme (maximal or minimal)
solutions is an essential and necessary feature for nonlinear parabolic equations admitting
strong blow-up or extinction-like finite-time singularities, see Sect. 2 in [18] and a list of
references therein.

In order to describe the asymptotic behaviour of main blow-up singularities for this
equation, as in the linear case p = 1 [43] (see details in [44], Chapt. 3), we perform the
change of the dependent variable u = e¥ for v > 0, which leads to the quasilinear equation
with a typical Hamilton-Jacobi operator and the diffusion p-Laplacian term

(2.3) vy = |VolPt +p7tAu (u=¢").
8



The main idea is to prove that the asymptotic behaviour of this blow-up singularities is
described by the corresponding Hamilton-Jacobi equation

(2.4) V, = |VV P

More precisely, we will show that the S-regime of boundary blow-up regional localization
is given by its separate-variable solution

(2.5) Ve, t) = (1 —1)"V9(x),
where 6 > 0 solves the stationary Hamilton-Jacobi equation
(2.6) IVOP*t —0/p=0 in E,.

2.1. S-regime in one dimension. If N =1 and E, = R,, (2.6) becomes a first-order
ODE of the form

(2.7) o'+ —0/p =0,

which gives the following sufficiently smooth compactly supported solution:
(2.8) 0= (1—a/)?""  zeR,,

where xq is the effective localization length,

(2.9) zo(p) = (p+ 1>p—p/(p+1)

of the boundary blow-up S-regime prescribed at the origin x = 0,

(2.10) v(0,t) = (1 —t)" 7, t€(0,1).

On the other hand, it also satisfies the Neumann boundary condition —v,(0,t) = ¢o(1 —
t)~YP where ¢ = —#'(0) > 0. In what follows, without loss of generality, we fix the blow-
up Dirichlet boundary condition (2.10). The function 6 is sufficiently smooth, [¢'[P*1 € C*,
and is Kruzhkov’s entropy (viscosity) solution [29] of the Hamilton-Jacobi equation (2.4).

We prove that in the parabolic equation (2.3) the elliptic p-Laplacian operator is neg-
ligible on the asymptotic blow-up stage ¢ — 1~ and forms a singular perturbation of the
Hamilton-Jacobi equation. We introduce the rescaled function

(2.11) g(z,7) = (1 = t)"P0(x, 1),

where 7 = —In(1—t) — oo as t — 17 is the new time variable, and arrive at the perturbed
Hamilton-Jacobi equation

(2.12) gr = Vgt —plg+ePAg for 7>0, g(0,7)=1.

The initial function go(x) > 0 is assumed to be bounded.
Theorem 2.1. (i) There holds
(2.13) g(x,7) =0(x) +0o(1) as T — oo uniformly.
(ii) The effective localization length of u(x,t) is bounded and positive,
(2.14) L(u) = meas{z > 0: lir? sup u(z,t) = 0o} = xo(p).
-
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In the proof we derive an exact rate of convergence in (2.13) which is different in the
parameter ranges p > 1, p=1and p < 1.
Proof. (i) The main difficulty is that the p-Laplacian is not bounded and is not well defined
on the compactly supported function 6(z) at the interface = x5. Therefore, we first
compare two solutions ¥ and V; of the problem posed in the domain Q; = (0, 2z,) x (0, 1)
with the same boundary condition at x = 0 and an extra symmetric condition on the
right-hand lateral boundary: ©(2x¢,t) = v(0,t) = (1 —¢)~*/?. The corresponding solution
of the Hamilton-Jacobi equation V,(xz,t) = (1 — ¢)~'/?0(x) wheref(z) = |1 — a/x|P+)/P,
is indeed V, reflected relative to x = xy. As we show, this reflected solution is sufficiently
regular for comparison by the Maximum Principle since A,V (xg,t) makes sense.

If p <1, then #(x) € C? and we can use simpler straightforward computations. In any
case, for any p > 0 and especially for p > 1, we assume that the solution v is sufficiently
smooth using a standard approximation via a suitable regularization of the p-Laplacian

Apv = Ap o=V [(|VU|2 + 52)(p_1)/2vv]a e > 0.
Consider the difference w = v — V, satisfying the parabolic equation
we = 0P = [(Vo)uP + p 1A, (Ve + w).

The right-hand side can be written down in the form w, = Bw + p~*A, .(V,), where on
regularized solutions the operator Bw = aw,., +bw, is a differential second-order one with
sufficiently smooth coefficients. Passing to the limit ¢ — +0 relative to the regularizing
parameter, we construct a weak plane supersolution w(t) depending on the variable ¢ only
and satisfying the differential inequality

W' =p tsup A Vi(n,t) = c,(1—1) 7, ¢, =p tsupAf(z) = [plp+1)] L,
z >0

where, as we have seen, the finiteness of the constant c, plays a key role in the regulariza-
tion argument. Choosing w(0) = Cy > 1, by the Maximum Principle we conclude that for
p# 1, |o(x,t)=V.(2,t)| < ©(t) = Co+7,(1—1)P~V/? for any bounded initial data #(z, 0).
For p = 1 we get the logarithmic term ¢,|In(1 — ¢)| in the right-hand side (cf. a general
approach on p. 379 in [44]). Assume now that p # 1. In particular, this implies that at
the end point of the localization domain x = x there holds o(xg,t) < Cy+7¢,(1—1)P~1/P,

Consider now the solution v(x,t) of the original problem in the half-line {x > 0}. One
can see that v < ¥ in @, so that v < Cp +¢,(1 — t)P~/P in (0,20] x (0,1). On the
other hand, using standard monotonicity (in x) properties of large solutions of parabolic
equations, we have that by the Maximum Principle for any small ¢ > 0 as ¢t — 17,
v(x,t) <w(xg —e,t) for any x > xy. Passing to the limit £ — 0, we then obtain that for
ta~ 17 v(x,t) < CL+6,(1 —1)P~/P for & > .

One can see that A,0 > 0 so that the compactly supported function Vi(z,t) is a
subsolution of the parabolic equation and hence the following estimate from below holds:
v(z,t) > —Cy + Vi(x,t). Summing up all the above estimates, we arrive at the rate of

convergence in (2.13).
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(ii) The calculations leading to the asymptotic expansion (2.13) mean that as t — 17,
(2.15) u(% t) — e(l—t)*l/PG(;D)eO((l—t)(Pfl)/p)

and hence Cye(1=0)~70() < u(x,t) < CyO(I=E D) (1=)"1P0(2) Fop pp = 1, Cpe(l=t)10()
< u(x,t) < C5(1 —t)e-07@)  Obviously, this implies that L > z¢(p). On the other
hand, setting here x = xg, where 0(x¢) = 0, we get u(xg,t) < C3(1—t) " ast — 17. Any
power-like blow-up on the boundary «(0,t) = (1 —¢)" with n < 0, is known to correspond
to a blow-up LS-regime with the zero effective localization length. This follows from the
general Theorem 1.1 stated in the introduction to be proved later on. On the other hand,
it can be proved by the standard comparison with the corresponding localized self-similar
solution of the form

where f > 0 solves the ODE

(IfP=H ) = e+ 1) () n+npff =0, n>0; f(0)=1
The self-similar strictly monotone decreasing C'*°-profile f(n) > 0 for all n > 0 satisfies the
following asymptotic behaviour: f(n) = C."P+*Y(1 4+ 0(1)) =0 as n — oo (C, > 0).
Then the solution u, is effectively localized at x = 0 in the sense that for any x > 0, as
t— 1,
Uy (2, 1) = uy(z,17) = Coa"PH) < oo,

By the usual comparison of two solutions u(x, t) and u,(x — x¢, t), which are assumed to
be smooth enough by monotone regularization, this implies that u(x, ) is also uniformly
bounded for any x > xg, so that L = x. O

2.2. Non-localized HS-regime in one dimension. Let us prove that there exist blow-
up functions from the same exponential class staying above the S-regime leading to non-
localized HS-regimes (i.e., blow-up regimes which are “Higher than S”). We thus consider
the blow-up boundary condition

(2.16) u(0,t) =" with n < —1/p.

Theorem 2.2. Let (2.16) hold. Then u(x,t) blows up as t — 1= uniformly on the
indefinitely expanding subset

(2.17) {0<z<c( -8}, B=[np+1]/(p+1)<0,

with a constant cy = co(p,n) > 0.

Proof. The new functions v = In u satisfies the boundary condition v(0,¢) = (1 —1%)". The
proof is based on comparison from below of the given solution v(x,t) with the self-similar
solution of the Hamilton-Jacobi equation (2.4)

(2.18) Vi, t) = (1=t)"h(n), n=uz/(1-1)",

where h > 0 solves the first-order ODE |¢'[P™ — B3¢'n + ng = 0 for n > 0 with g(0) = 1.
This ODE admits a scaling invariance and reduces to an autonomous ODE, which is

integrated in quadratures. See a similar analysis of the case p = 1 in [44], p. 171. As
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the result, we obtain that for n < —1/p, such a monotone profile ¢ exists and vanishes
at a finite point 79 = meas supp g < oo. We then set g(n) = 0 for all n > ny so that g(n)
becomes a continuous (but non-smooth) compactly supported rescaled viscosity solution
of the Hamilton-Jacobi equation. The comparison of v and V, in the domain {z <
no(1 —t)"} x (0,1), where both solutions are sufficiently smooth, is performed as in the
case of the S-regime above (see also [44], p. 382) and gives uniform blow-up on any
unbounded subset (2.17) with arbitrary ¢y < 7. O

A general stability approach to the asymptotic degeneracy of parabolic flows into the
Hamilton-Jacobi ones was developed in [16] and [17]. By using there results, it is not
difficult to show that the self-similar solution (2.18) of the Hamilton-Jacobi equation (2.4)
actually describes the asymptotic behaviour of the HS-regime for the parabolic equation
(2.3). This is similar to the behaviour in the linear case p =1, [44], p. 381.

2.3. S-regime in the N-dimensional geometry. By w C R" we again denote a
bounded smooth domain with complement E,,. Consider the following blow-up condition:

(1—t)~1/p

u(x,t) =e — v(z,t) = (1=t on duw, t e (0,1).

The rescaled function g(x, 7) satisfies (2.12) with the boundary condition g(x,7) =1 on
Ow x Ry. The corresponding Hamilton-Jacobi stationary profile solves the stationary
exterior problem
VOt —0/p=0 in E,, 6(z)=1 on dw.

One can expect that this solution describes the asymptotic behaviour of the parabolic
equation. Then suppf = {z € E, : 0(x) > 0}, is the effective localization domain of
the solution V,(x,t). We now compare this localization domain for the Hamilton-Jacobi
equation (2.4) and the localization domain wg(v) = {x € E, : limsup,_,, v(z,t) = co}
of solutions v(x,t) of (2.3) with bounded initial data vy.

Theorem 2.3. There hold: (i) ws(v) is bounded, and (ii) the xq-neighbourhood of w,
Nuy(w) ={y € B, dist(y, 0w) < zo(p)},
is contained in wg(v).

Proof. (i) Let w, be any convex smooth domain such that w C w,. We use comparison with
one-dimensional solutions. Fix a point yy € dw, and let [(yy) be the hyperplane tangent to
09, at y = yp. Denote by z the distance to I(yy). Consider the one-dimensional solution
v1(z,t) of equation (2.3) with the blow-up function v;(0,¢) = (1 — ¢)~'/? prescribed on
the hyperplane, with sufficiently large initial data v;(z,0). By Theorem 2.1, vi(z,t) is
effectively localized in the infinite strip of the width xq(p) with the outer plane lateral
boundary parallel to [(yy). Since v < vy in the outer half-space {z > 0}, the solution v(z, t)
is uniformly bounded at any x beyond the localization strip. Thus, wg(v) is contained in
the intersection of all such tangent strips constructed for all points yy € dw, which implies
boundedness of the localization domain and some extra estimates to be improved below.

(ii) In order to prove the second result, we will compare the solutions with the radially
symmetric self-similar solutions V, (r,t) = (1 —¢)~/?4(r), r = |2, of the Hamilton-Jacobi
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equation, where 6 solves the same stationary equation (2.6) which in the radial geometry
becomes the same ODE (2.7) with © = d/dr. Then we obtain the same solution (2.8).
Fix a point yy € w and a small £ > 0 such that the ball B.(yy) C w. Consider the radial
solution v.(r,t), r = |x — ypl, of the parabolic equation in the cylinder B.(yy) x (0,1),
v. = (1—t)"'/? on OB, with bounded radial initial data. Let V,(r,t) be the corresponding
approximate self-similar solution described above. The comparison from below establishes
that the domain of localization {¢ < r < ¢ 4+ 2} of V, is contained in the domain of
localization of v..

As the last step, we compare v, with the solution v: v > v, in @ by the Maximum
Principle. Since yy € w and € > 0 are arbitrary we obtain the result. O

In the case of the convex domain w, this simple comparison from above with plane
(one-dimensional) self-similar solutions V; and the comparison from below with the radial
ones establish the equality wg(v) = N, (w). It is not difficult to see that the equality holds
for more general domains w. It is curious that though dw can be arbitrarily smooth, the
boundary of the blow-up set wg(v) is not necessarily C''-smooth, see p. 167 in [44].

3. Blow-up localization in linear 2m-th order equations

The linear 2m-th order parabolic equation in one dimension
(3.1) ug = (—1)™"1D?*™y in Q =Ry x (0,1),
belongs to the case p = ¢ = 1 of equations with Hamilton-Jacobi blow-up singularities.

These problems can be studied using the convolution representation of the general solu-
tions. Without loss of generality, we consider the following blow-up boundary condition:

(3.2) u(0,t) = f(t) =00, t 175 up=..=D""tu=0 =0, tc(0,1),
and take zero initial data. Let b(z,t) be the fundamental self-similar solution of (3.1)
(3.3) b, 1) = 7V2mR(E), € = wfttm,
where F'(£) is a unique symmetric solution of the linear ODE
1 o0
(3.4) (-1 EET 4 L (R =0 in R, / Fe)de = 1.
m — 00
By the cosine Fourier transform, we have that
1 [~ m
F(¢) =— / e=*"" cos(s€)ds.
T Jo

The solution of (3.1), (3.2) is given by the convolution potential
t
u(x, t) = 2(—1)’”/ f(r)DX b(x,t — 7)dT
0

(3.5) = 2(_1>m/0 @) FCm D]z (t — 7)) (t — 7).

For the heat equation, m = 1, classification of boundary blow-up via the potential is easy,

see Chapters 3 and 6 in [44].
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3.1. S-regime of localization, HS-regimes. It follows from (3.5) that as t — 17, the
asymptotic behaviour of the blow-up boundary regime f(t) essentially depends on the
asymptotic behaviour of the rescaled kernel F'(§) as & — oco. It is well-known (and can
be easily seen from the ODE (3.4)) that the rescaled kernel F'(§) is oscillatory as £ — oo
for m > 1. A standard asymptotic analysis shows that (3.4) admits the solutions with
the asymptotic behaviour

(3.6) F(&) ~e ™ as € 500, a=2m/(2m—1) € (1,2),

where a € C satisfies the algebraic equation (—1)"(aa)*™~" +1/2m = 0. It has 2m — 1
different roots {ax}, and F(&) for &€ > 1 exhibits the behaviour corresponding to (3.6)
with the maximal Rea; < 0. The leading asymptotic terms of F' are given by two linearly
independent expressions of the type

(3.7) ~ e 8% cos (b, [€]1%) (or sin(bn|€]%)) as € — oo,
am = (2m —1)(2m) " “cosVp, by = (2m — 1)(2m) *sin v,

where v, = m(m — 1)/(2m — 1). These asymptotic estimates are enough to establish the
following S and HS-regimes of blow-up for the linear parabolic equations.

Theorem 3.1. (i) For any m > 1, the blow-up S-regime occurs for the boundary function
(3.8) Flt) =070 g b5 1m,
and the effective localization length is given by
(3.9) L(u) = a,}* > 1,, = 2m(2m — 1)1/,

(1) The HS-regime with any exponent n < —1/(2m — 1),
(3.10) ft)y=el™D" as t —17,
is not localized and wg(u) = R.

For m = 1, we have the equality L(u) =1; = 2, [44], p. 132.
Proof. (i) The localization result follows from potential (3.5), where we use the above
asymptotics of the rescaled kernel. We present an analysis proving (3.9) and also showing
the asymptotic behaviour of the solutions as t — 1~ to be compared with the Hamilton-
Jacobi limits given below. By shifting ¢ — ¢ + 1, the blow-up moment becomes T' = —0
and now ¢t < 0. Using (3.6) in potential (3.5), we obtain that for ¢ ~ —0, the main

asymptotic expansion terms of solution u(z,t) are composed from oscillatory integrals of
the form

t
(3.11) / e am T T cog[b,a®(t — 1) Vdr, v =1/(2m — 1).

Here we omit lower-order terms, which do not affect convergence or divergence of the
integral as t — —0 provided that the main prescribed exponential part stays dominant.
Setting 7 = pt, © > 1, we arrive at integrals

(-
(3.12) / el =07 cos by, (—t) 77 (n — 1) 7 dp,
14



where the function G(u) = =7 — apa®(p — 1)77, 1 > 1, has a typical bell-shaped form
with a single maximum at p, = (1 — an®z) ! for z < L = an'/®, where G(u,) = g(z) =
(1—x/L)*. Thus, if x < L, by the Cauchy criterion, integrals of the type (3.11) diverge as
t — —0 in view of the strong dominance of the singular multiplier with fast exponential
growth. Using Taylor’s expansion of G(u) in a neighbourhood of = pu,, we conclude
that, in the first approximation, the corresponding non-oscillatory part (the envelope
of the oscillating functional family) can be asymptotically estimated by the exponential
function

(3.13) (OTG) = o(-07T9(@) o

as t — —0 for any # < L. One can see from (3.12) that for any fixed x > L, as
t — —0, integrals like (3.11) converge absolutely. The behaviour in the localization
domain x € (0, L) is oscillatory so that limsup u(x,t) = oo and liminf u(x,t) = —oo as
t — —0, cf. Hamilton-Jacobi limits explained below.

(ii) The proof is similar. The divergence of the integral for any x > 0 is straightforward
for any n < —1/(2m—1). A more precise estimate can also be obtained and it corresponds
to the similarity solutions of the Hamilton-Jacobi equation. O

3.2. The Hamilton-Jacobi structure of blow-up singularities. Let us show that
the above exponential blow-up regimes have a Hamilton-Jacobi structure. This can be
seen directly from the potential. On the other hand, we can use the same nonlinear
transformation u = €¥, which leads to the perturbed complex Hamilton-Jacobi equation
for the function v : Q — C,

(3.14) vy = (=1 (0,)*" + P (v),
where P, is a quasilinear polynomial 2m-th order operator which can be computed. For
instance, Po(v) = —Upp00 — 4020000 — 6(02)*0se — 3(v4,)?. The corresponding Hamilton-

Jacobi equation composed from the leading operator of the maximal algebraic homoge-
nuity order,

(3.15) ve = (=1)" " (vg)*™,
admits the solution in separate variables
(3.16) Vi(z,t) = (1 —t)"YCm=Dg(g),
where 6 : R — C solves the complex ODE
(3.17) (=)™ O™ —0/(2m —1)=0 for v >0, 6(0)=1.
For odd m =1, 3, ..., this ODE admits a nonnegative compactly supported solution
(3.18) O(x) = (1—a/l,)%, Ln=2m2m—1)""" a=2m/(2m - 1).

The constant [, is the same as that calculated via the potential. For m = 1, where
[y = 2, function (3.18) actually occurs in the asymptotic behaviour as t — —0, [44],
Chapt. 3. Though for m > 1, as we have seen above, this non-oscillatory profile does
not describe the asymptotic behaviour, 0 correctly explains the behaviour of the envelope

to a family of oscillatory rescaled blow-up profiles. In general, the ODE (3.17) admits
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complex valued solutions with compactly supported real part describing the oscillatory
blow-up behaviour. For any m > 1, problem (3.17) has the complex solutions 0(x) =
(1 —bx)®*, where b € C solves the algebraic equation (—1)"*'(ab)*™ = 1/(2m — 1), so
that b = €% /l,,,, o, = ©(2k + 1)/2m for even m’s, and b = €'?*/l,,, ¢ = wk/m for odd
ones, k = 0,1,...,2m — 1. Then 0(z) = p®e™?, where p?(x) = 1 + 22/12, — 22 cos i/l
and tan(z) = =l sin ¢ /(l,, — x cos ). This gives a typical oscillating behaviour of
the blowing up solution

(3.19) u(x,t) ~ Ree’ (@0 = 1=077p @) cos(ab(@) 5[(1 — )77 p%(z) sin(ar)(z))].

We again observe the exponential envelope to the oscillating family (3.19), exp{(1 —
t)"7p%(x) cos(ary(x))} as t — 17. In a similar way, we can construct blow-up HS-regimes
with v(0,¢) = (1 — t)", where n < —1/(2m — 1). Approximate self-similar solutions
satisfying the Hamilton-Jacobi equation are

where h : R — C solves the complex ODE (—1)"*!(1/)?™—3h/n+nh = 0. Complex-valued
profiles A describe the oscillating character of global blow-up.

4. Energy estimates and functional systems

We return to the general problem (1.1)—(1.3) and present our basic system of functional
inequalities, which will be later on compared with other possible energy estimates of Saint-
Venant’s principle types.

4.1. Energy estimates. Let us introduce families of the subdomains of (). For any fixed
s> 1and 0 > 0, we define

Qs) = {lz] > s}, Q(s,0) = Qs) \ Qs +0) (2 =Q(1)),
Q% (5,0) = Q(s,6) x (a,b), 0<a<b<T:; Qs)=Qs, 00).

We will use the interpolation Gagliardo-Nirenberg inequalities for the domains (s, ).
For any 0 < j < m, there holds

(4.1) D70 ags.5) < k167009 y|| ) o6y + kol D oll? 1y os.s) NIV ;,_90(.9,5)’

where v(x) is an arbitrary function from the Sobolev space W, (Q(s,6)) N Ly(Q(s,?)),

v]l} o = [ [v|"dz, and g > 0, r > 1 are fixed exponents. The constant 6 € [j/m,1] is
determined by

1 ' 1 1—4

(4.2) ——i:9<——@>+—.
g

Positive constants k; and ky do not depend on v(z), s and 6. Let n9(h) > 0 be a C™-

smooth cut-off function such that

(4.3) no(h) =0 for h <0, ny(h) =1 for h>1, 0<ny(h) <1 for h € R.
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Lemma 4.1. Let u(x,t) be an arbitrary energy solution of the problem (1.1)—(1.3). Then
forany0<a<b<T,s>1,0>0 and anyc > 0, there holds

b
/ lu(z, b) | da +/ / | D™ u(z, t) [P dadt < (1 4+ 8)/ lu(x,a)|" da
Q(s+9) a Q(s+9) Q(s)

b
(4.4) 5t () / / (e, )+ dadt.
a JQ(s,0)

The positive constant c(s) — 0o as e — 0 depends on parameters of the problem and is
independent of u(x,t), s and 0.

Proof. Let us fix an s; € (1,s), s > 1, 6 > 0, and introduce the cut-off functions
n(x) =no((Jx| — 5)/0), m(x) =mno((|z| —s1)/61), where 6 =s—s3 > 0.
Then nj(z)n(x) = n(z) for every exponent r > 0 and for any ¢t € (0,7),
(b(w)e, u)y = (b(w)e, ninu) = (blmu)e, nu) = (O(mu)e, nmru) = (b(v)e, nv),

where b(u) = |u]""'u and v = nu. As a consequence, similar to Proposition 3.2 in [8], we
obtain the formula of integration by parts

45) G+ D [ (et = [ b e = [ jute. o)) ds,

We substitute the test function w(z,t)n(z) into the integral identity (1.9), where u is the
given energy solution. Using (4.5) and the structural conditions (1.4), (1.5), standard
transformations yield

b
/ |U(x,b>|Q+177dx +/ / |D;Tu|p+177dxdt < / |u($,a)|q+177dx
Q(s) a JQ(s) Q(s)

1
P mel s
p+1 . .
(4.6) +c </ |D;”u|p+1dxdt> g / | DL u[Pt DT P dadt :
Q5 (5,9) i—0 JQ4(s.9)

Let us estimate the second term on the right-hand side by using the interpolation
inequality (4.1) with j = 0,1,2,...,m—1,r = p+1 and ¢ = ¢+ 1. We also use the
following obvious property of the cut-off function n(x): |Din| < c6=" for i > 0. As the
result, for ¢ = 0,1,2,...,m — 1, we have

[ Dt D g ids < e 00 [ Dl i
Q(s,8)

Q(s,8)

m

< ¢y Ot [k{’“éi(”“)/ lu|Pda + Kot (/ |D;”u|p+1da:>
Q(s,0) Q(s,0)

m—1

X (/ |u|p+1da:> "
Q(s,0)

luPHda + ek (/ |D;”u|p+1dx> :
Q(s,0)

< C(s—m(p—l—l)k]f-i-l/
Q(s,0)
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X <5M(p+1)/ |u|p+1d:v> " ge/ |D;”u|p+1d:c+c(s)5m(1)+1)/ |u|p+1d:v,
Q(s,8) Q(s,8) Q(s,8)

where at the last step we apply Young’s inequality with a parameter £ > 0. Substituting
these estimates into (4.6) and using Young's inequality where necessary, we obtain

b
Q(s) a Q(s) Q(s)

47 +e / D7, )P dadt + ()5 ™D / (e, 6)7* dedt,
Q5 (s,9) Q5 (s,9)

where € > 0 can be arbitrarily small and ¢(g) — oo as e — 0.
Consider (4.7) as the relation between the following functions of argument s:

Ab(8>=/ Ju(z, b)[**da, Aa(s):/ u(z, o)+ dz,
Q(s) Q(s)

B(s) :/ lu(z, )P dedt,  H(s) :/ | D™ u(z, t) [P dadt.
Q% (s) Q% (s)

It then follows from (4.7) that
(4.8) Ay(s+06) + H(s +0) < eH(s) + c(2)d ™PT[B(s) — B(s — 6)] + Aa(s).

Since s > 1 and § > 0 are arbitrary continuous arguments in (4.8), the following inequal-
ities hold for any j =1, 2, ...,

Ap(s+8/27 Y+ H(s+6/277°h
(4.9) < eH(s40/2) +c(e)(27/6)™ PV [B(s 4+ 0/2) — B(s +6/2 )] + Ad(s + 6/27),

which are derived from (4.8) replacing s — s+ 6/27 and 0 +— §/27.
Let us construct a process of successive estimates using (4.9). It is similar to the
procedure used in [52]. To this end, consider it for j = 1 and next estimate H (s + 0/2)

on the right-hand side by means of the same inequality for j = 2. Continue this process
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cyclically for j = 3,4, .... Combining all these estimates, we deduce that
Ay(s+0) + H(s+0) < eH(s+6/2) + c(e)(2/6)" PV [B(s + §/2) — B(s + 6)]
+Au(s +6/2) < 2H(s +6/4) +c(2)[(2/8)"PV[B(s +6/2) — B(s +9)]
+2(22/86)"PHV[B(s + 6/2%) — B(s + 6/2)]] + Aa(s +0/2) + cAu(s +6/2%) <

7—1
< H(s+0/2) + c(e)(2/8)""HD Y " (2mPHe)¥[B(s + 6/2") — B(s + 6/2%)]
k=0
j—1 j—1
+) A (s+06/28) < TH(s+6/20) + Ag(s+06/2) ) F

k=0

H
i
(o=}

+¢(£)(2/0)" PV [B(s +6/27) — B(s +4)] _(2"**Ve)",

0

.

i

Setting in this inequality ¢ < gy = 9—m(p+1)-1

(4.10) Ap(s +06) + H(s+0) < ¢()2mPDH[B(s) — B(s + 0)]/6™P) + A,(s)/(1 — «).

Here we have used the continuity property of the functions A,(s) and B(s). Inequality
(4.10) is equivalent to (4.4). This completes the proof of Lemma 4.1. O

and passing to the limit 7 — oo yield

4.2. System of functional inequalities. We introduce an arbitrary strictly monotone
sequence

(411) {t]} — T_, Aj = t]‘ — t]‘,1 >0 for ] =1,2,.., tp € (O,T)

and define two families of energy functions of the energy solution u(x,t) of problem (1.1)-
(1.3) for s > 1, j > 1,

(4.12) / / lu(a, t) [P dadt, h;i(s) = sup / |u(z, )] da,
Q(s)

te(tj—1,t5)

(s —/ / u(z, t) [P dadt, hg(s):/ lu(z, to)|"d.
Q(s)

Lemma 4.2. Given an arbitrary energy solution of (1.1)-(1.3), for any s > 1 and 6 > 0,
functions (4.12) satisfy the following system of functional inequalities:

(413) hJ(S—F(S) < (1+€j)hj_1(8>+C(€j>AIj(8)/5m(p+l), A]J(S) E[j(S) —Ij(8+5>,
(414) Ij(S + 5) < ClA}iel [(1 + €j>hj_1(8) + C(é‘j)A[j(<9>/5m(p+1)]H—V7 ] = ]_7 2,
where ¢y > 0 is a constant,

_ n(p—q) ,_p=a)(1-6)
(4.15) s A T PR} A P S

{e; > 0} is an arbitrary sequence and positive constants and c(z;) — oo as ; — 0.
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Proof. Setting in (4.4) a = t;_; and b = #, where { € (t;_1,t;] is arbitrary, we obtain
(4.13). In order to prove (4.14), we write down the interpolation inequality (4.1) with
0=00,j=0,r=p+1, g=q+1 and replacing s — s+ 9:

A-61)(p+1)

01 P
/ e < K2 </ |D?u|p+1dx> </ |u|q+1dx> ,
Q(s+9) Q(s+9) Q(s+9)

where 6; is taken from (4.15). Integrating this inequality in ¢ and using estimates (4.13)
and (4.4), we get

t: 01 ts % 1-61
Ii(s+6) < e / / | D7 ulPt dadt / (/ |u|q+1d:v> dt
tj—l Q(S+6) t; 1 Q(s—|—5)

j—

(416) < cr[Ry(5, ) AL [R, (5, )/ = ¢ ALO[R, (5 5)] o000/ 01)
where R;(s,6) = (1+;)h;j_1(s) + c(;)AL;(s)/6™PFV) . Inequality (4.16) gives (4.14). O

4.3. From differential to functional systems of inequalities. There exist various
types of energy approaches to nonlinear higher-order parabolic PDEs developed last three
decades which are based on distinct (sometimes, simpler than (4.13), (4.14)) differential
or discrete systems of functional inequalities.

The method of introducing parameters [38] dealt with fully discretized (in both s and
t variables) systems of functional inequalities and allowed to obtain sharp description of
solutions to linear higher-order parabolic PDEs in the case of initial singularity posed
at t = 0 (for unbounded initial data from Tikhonov - Técklind classes). This initial
singularity demanded an infinite time partition near ¢t = 0. Extensions of this approach
to divergent quasilinear parabolic equations were given in [1], [47]. In [38], an abstract
scheme of the method and a survey on such methods of introducing a parameter can be
found.

Later on, in applications to localization and finite propagation to quasilinear higher-
order elliptic and parabolic equations, the energy methods leading to elegant differential
inequalities with respect to the spatial variable s were proposed in [6] - [8]. In [46],
[48] the phenomenon of finite speed of propagation was studied via differential-functional
inequalities in s. In these problems the time-behaviour of energy solutions was not highly
nonstationary and any multi-step time-discretization was not necessary (in fact a one
time-step approximation was sufficient).

Localization blow-up phenomena present another type of eventual singularities occur-
ring at finite blow-up time t = T~ and essentially depending on both nonlinear properties
of the equations and the blow-up boundary regime. We face new types of evolution sin-
gularities in nonlinear dynamical systems. In the analysis of the evolution singularities,
the type of partitions is not known a prior: and, in fact, should be chosen according to
unknown asymptotic properties of the unbounded blow-up solutions.

We now discuss our basic system of functional inequalities given in Lemma 4.2. In order

to explain key properties of solutions of system (4.13), (4.14) to be studied, we present
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a derivation of a hierarchy of simpler differential-discrete systems originating the system
under consideration.

Consider the simplest second-order model problem (2.1), (2.2). For any energy solution
u(z,t) we introduce the corresponding two energy functions

(4.17) H(s,t):/ lu(z,t)|PTdr  and E(s,t):/ |Dyu(z, )P dz.
) Q(s)

Assuming some additional regularity of w(z,t), by straightforward computations, mul-
tiplying equation (2.1) by u, integrating over (s), using integration by parts and the
corresponding interpolation inequalities, one obtains the following partial differential in-
equality (PDI):

(4.18) H,+ E < ¢(B,)PtV/e 2 gt/e+2) 4y Q* = {s > 1,t € (0,T)},
where the functions are estimated from above on the boundary s =1
H(1,t) < cFy(t) and E(1,t) < cFy(t) for t € (0,T),

by the corresponding blow-up data Fo(t) = [,y (If (2, 8)P* + |Dyf(2,1)[P*!)dx, which
is directly related to (1.8). It is important that the PDI (4.18) contains two unknown
functions (4.17) and therefore one needs an extra relation between them. We do not
known if there exists a natural way to study the asymptotics of this “undetermined” PDI
of the first order.

On the other hand, introducing suitable partitions in ¢, integrating (4.18) over each
time interval and using imbeddings as a relation between H and F makes it possible
to obtain an infinite differential (in s) - discrete (in t) functional system which can be
studied, see [49].

It is not difficult to see that for any 2m-th equations with m > 1, using such a procedure,
it is impossible to derive a PDI like (4.18). More precisely, the spatial derivatives in s can
be obtained by using special weighted energy functional [7], [8], but the time-derivative
in t, which is of crucial importance for essentially nonstationary solutions, cannot be
preserved. Moreover, as far as we know, partitions in both independent variables {s,¢}
leading to systems in Lemma 4.2 is the only possible way to derive a functional relation for
a single energy. We mean the iterative procedure which led from the inequality (4.6) for
two energy functionals to (4.10), where the second higher-order energy H is not available
on the right-hand side.

Let us focus on an extra advantage of the fully discretized functional systems of the
type (4.13), (4.14) concerning the precise asymptotic blow-up behaviour. As it was shown
in Sections 2 and 3, the asymptotic behaviour of exponential blow-up regimes like (3.8)
(cf. (1.12)) is described by similarity solutions of the associated first-order Hamilton-
Jacobi equations. Theorem 1.1 establishes sharp estimates of such similarity type with
the optimal limit exponent n = —1/[m(p + 1) — 1], so that our system of functional
inequalities, at least, partially contains this delicate Hamilton-Jacobi asymptotics. It is

worth mentioning, returning to the PDI (4.18) for m = 1, that we did not succeed in a
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formal derivation of such asymptotics. For instance, making a natural assumption that
E(s,t) ~ H(s,t) as t — T, we formally arrive at the Hamilton-Jacobi inequality

H, + H < ¢(H,) D/ 02 g1/ (e+2),

The corresponding first-order equation does not admit any approximate similarity solu-
tions with necessary correct asymptotic blow-up properties.

4.4. Preliminary estimates.

Corollary 4.1. For equation (1.1) with p = q, the main functional system (4.13), (4.14)
reads as follows: for any s > 1 and 6 > 0,

(4.19) hi(s+6) < (14 2;)hj_1(s) + c(e;)ALi(s) /6m@ ),
(420) [J(S—F(S) S ClA]‘(l—'—Sj)hj_l(S) +CIC(SJ‘)AjAIj(S)/(Sm(]H_I), j = ]_,2,....
Fixing an arbitrary strictly monotone decreasing sequence {«; > 0}, we define the

normalized energy functions H;(s) = ajh;(s) and J;(s) = a;I;(s). In terms of them,
system (4.19), (4.20) takes the form

(4.21) Hj(s40) < BjH; 1(s) + c(g;) AJ;(s) /6™ 3 = (1 4+ ¢;)a /a1, Hj = ashy,
(422) Jj(S + 5) S ClﬁjAjHj—l(S) + clc(sj)Aj AJj(S)/ém(p—i—l), Jj = ajfj.

The main reason of introducing of weights {c;} is that we now can guarantee that the
iteration coefficients {/3;} on the right-hand sides is strictly less than 1.
We now iterate this system. Namely, we estimate H;_;(s) on the right-hand side of

(4.22) by means of (4.21) replacing j — j — 1. Assuming now that 6 = §; in (4.21) and

m(p+1)

(4.22) depend on j and denoting for convenience d; = §; , we obtain

Jj(8+5j + 5]‘_1) S ClﬁjAjHj_l(S + (Sj_1> + Clc(é“j)AjAJj(S + 5j_1)dj
<aBiBi-1AHj2(s) + aile(;)AjdjAT;(s + 6j-1) + c(ej-1) A B5d; 1A T4 (s)].

We again estimate H;_5(s) on the right-hand side by means of (4.21) with j — j — 2:

Ji(s 405+ 0140 2) < 13581828 Hj 3(s) + cr[e(e)Ajd;AT;(s + 651+ 652)
+clej-1)A;0id; 1 ATj-1 (s + 6-2) + c(gj-2) ;5 Bj-1dj -2 AT 5(s)].

Repeating the same procedure, we arrive at

J J k—1
Jj(S + Z 51) S Clﬁj...ﬁlAjHo(S + (50) + C1 C(gk)Ajﬁj.-./Bk+ldk AJ;C(S + Z(Sl),
1=0 1=0

k=1
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or, replacing s + Zfzo 4; by s,

Jj(S) S Clﬂj...ﬁlA]‘Ho(S - Z (52) + Clc(Sj)Ajdj[Jj(S - 5]> - J](S)]

=1

J— J
+ Zc(gk)Aj/Bj.-./Bk+1dk Jk(S — Zé» d = 5 p+1))

k=1 i=k
Collecting like terms together, we derive the following result.
Lemma 4.3. For p = q, normalized energy functions J;(s), j = 1,2, ..., given by (4.12),
(4.22), satisfy the following functional system:

7—1

Vi 1
Ji(s) < 1_: Ji(s —9; ZcekAﬁ] Lreat Ji S—Z(S m(p+1)

7] ]kl

(4.23) + 1_?_717 Bj...00;Hy(s — 251-), s>1+ 251-, v = cc(eg) A0 m(p+1)
J i

=1
We now establish a global bound on u(x,t) via the boundary function F.

Lemma 4.4. For any energy solution u(x,t) of the problem (1.1)-(1.3) with p = q, the
following global a priori estimate holds:

(4.24) /|u|p+1da:—|—/ /|Dm |p+1dxdr<c(||u0||§+jl + F(t )) te (0,7).

Proof. Using conditions (1.6),(1.7) and the definition of solution w(z,t), it is easy to
extend the proof of the integration by parts formula [2] to arbitrary m > 1. Then

(-1 A= P P+l _ pt1
/0<(|U| wru— f)d P Q(|U(967t)| |u(z, 0)["")dx

—i—/o /Q(|u(x,7')|p_1u(x,7') — Ju(z,0) P u(x, 0)) fr (2, 7)dxdr
(4.25) —/Q(|u(a:,t)|p1u(x,t) — Ju(z,0) P tu(x,0)) f(z, t)d.

Substituting the test function y(z,t) = u(x,t) — f(x,t) into the integral identity (1.9)
and using (4.25) and the structural conditions (1.4), (1.5), we conclude that

p+1/|ua: 1)+ da+dy / /|Dmu|p+ldxd7'<d2/ /|Dm w(, )P\ D f (x, 7)|dadr
+/Q(|u(x,t)|p1u(a:,t)— |u(x,0)|plu(x,O))f(a:,t)dx—/O /QHu(x,T)V’lu(x,T)

(4.26) — |u(z,0) P~ u(x, 0)] f; (z, 7)dwdr + ;t% /Q u(x,0)[P dx,
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where d; is taken from (1.4). By Young’s inequality we derive the following straightforward
estimates of the terms given on the right-hand side of (4.26):

t t
//|D?U(l‘,7‘)|p|D;nf(I,7')|dl‘d7‘§€1/ /|D;”u(:c,7)|p+1d:cd7
0 Jo 0 Jo
t
(4.27) + e(en) / / D7 (2, 7) [P e,
0 Ja

/QIIU(fU,t)I“U(M) — Ju(, 0)]" tu(z, 0)[| f (x, t)|dx < exfllul- O o)
)

(4.28 a0 o)) + 2 CONTE @)

1 1
429 [ [l 0l o < sl )+ I

: n
[ [ teopis e npisar < s ool o [ (f e npeian) ™ ar

(4.30) <ey sup [lu(, I o) + )N 060 @)
7€(0,t)
Combining (4.27)-(4.30) and substituting them into (4.26), we arrive at (4.24). O

5. First step: proof of localization of “flat” LS-regime

The proof of Theorem 1.1 consists of two steps. In this section we perform the first step
and consider the case of “flat” (lower than the optimal one in (1.12)) boundary blow-up
regime meaning that function F in (1.8) satisfies

(5.1) F(t) < cexp{A(T — t)~"/mE+O+el =t < (0,7),

where ¢ and A are fixed positive constants. The constant £ > 0 can be arbitrarily small.

Localization estimate (1.13) is derived obtaining a uniform boundedness with respect
to j of the energy S°7_ I;(so) for any fixed sy > 1. In the present case of the flat boundary
regime (5.1) this uses the functional system (4.19), (4.20) with the following choice of its
free parameters.

(i) Fix a small 6 > 0 (6 — 0 later on), and define a sequence of displacements (spatial
partition) §; = 2746 for i > 1, dg = 0.

(ii) Choose unit normalized multipliers o;; = 1 for i > 1.

(iii) All the parameters ;, ¢ > 1, in the system (4.19), (4.20) and in (4.23) are constants

(5.2) 0 <& =g, such that (1+¢&)rg = (1+4¢)2 ") = < 1.
(iv) The time displacements for j = 1,2, ... (time partition) are

(5.3) A]-:(5;."<P“>/c1c(g):rg1A12,4 Ay = (ere(e)) 1 (6/2)m0 Y,



where ¢; and c¢(¢) are the constants from (4.23). Then 7, = 1 for all j > 1 and the
functional system (4.23) takes the form

—_

<.

J

1 1 i
]j(S) S §Ij(s—5j)+§ T{ k]k(S—Z(Sj)
k=1 i=k
. i i
(54) + iclriflAlhg(s — Zé», j Z 1, s>1+ Zél
i=1 i=1

Let us calculate the value ¢, corresponding to displacements {A;,i > 1} from (5.3):

° .. Ay ymp+1)
T —ty= Al =A o= == ,
0 ; ! lz: T ro  cpc(e)2mPt(1 — pg)

i—0

so that tg = T — 6"®*) /eic(2)2mPHD)(1 —ry) — T~as § — 0 or £ — 0.

Assume that s satisfies the following additional restriction: s —d; — > 7_ 6; > 1. Then
the first term on the right-hand side of (5.4) can be estimated from above by means of
the same inequality with the shifted argument s+~ s —d;. This yields

j—1 J j-1 J
[j(s) < 272[]'(8 — 2(5]) + 272 Zr{;k[k(s — (Sj — Z(S]) + 271 Zr{;k[k(s — Z(S])
k=1 1=k k=1 1=k

J J
+ ClT{_lAl 2_1h0(8 — Z&Z) + 2_2h0(8 — (Sj — Z(SZ) .

If we now assume that s satisfies s — 20; — 23:1 0; > 1, then the first term on the right-
hand side is estimated by (5.4) with s — s — 2§;. After similar [ steps we obtain for
J=1

j—1 [
[j(S) S 27l[j(8 - 15j> + Zriikz:Qii[k(S — Z(SJ — 5j,1 — . (Sk)
k=1 =1
4 ! J
(55) + ClT{_lAl ZQ_iho(S - Z(SJ - 63'—1 — .. 51), S — 15] - Z 61 2 1.
=1 =1

Observe that the restriction on s in (5.5) holds provided that s = so = 1+25 and [ = I, =
27, Indeed, for any j > 1, so— 10, — > 2 6; = 1426 —276; =0 S 72/ 27 = 14279415 > 1.
From (5.5) we then derive the first main inequality

j—1 I
[j(SO) S 27l1[j(80 — l15j> + Z ’I“{_k Z 27“[1@1 (80 — il(Sj — (5]‘,1 — ... — (S;ﬂ)
ki=1 i1=1
Iy
(5.6) + o] ALY 27 g (sg — a8y — Gjmg — . — 01) = A + AP + AP,

i1=1
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Let us transform Ag ) into the form A =r le (27 (so—110;—0_1) + fcl 21 ] —h
X Z“ 1270 (59 — 0165 — 8j—1 — oo — Opy) = Agi + AEZ% In order to estimate the terms
of Al,l we use (5.5) with j — j—1,

[];1(80 — 215 — 5j,1> S 27l2[j,1(80 — il(Sj — (5]‘,1 — 125]-,1)

Z ke Z 272 [ (59 — 10 — 01 — 10,1 — 05 — ... — Opy)

ko=1 ia=1
. l2
(57) +01T{_2A1 Z 2712h0(80 — iléj — (5]‘,1 — 2‘2(5]',1 — (5]‘,2 — . 51>
in=1
The restriction from above for [y now takes the form sy —2,0; —6;_1 — 20,1 — 1;12 0; > 1,

and hence [0,y < s — 1 —4;d; — Z] L5, =6— i10; 4+ 0;_1. Substituting estimate (5.7)
into the expression for Aﬂ, after some manipulations in the right-hand side of (5.6) we
arrive at I;(sg) < AWM 4+ AP 4+ AP where

ALY o Z 2RI (59 — 0165 — 0,1 — La6;1),
i1=1
Iy j=2 ‘ l2
AP = AP T2 Tl RN 0 L (s — 010 — 0oy — i20;-1 — Gj2 — .. — Ok,
i1=1 ko=1 ig=1
71—2 Iy l2

= Z Z Z ’r‘{_k22_(i1+i2)[k2(80 — 215] — i25j—1 — 6j—1 — (Sj_g — ... — 5k;2),

ko=111=113=0

1 l2

AP = AP e ALY DS T o g (sg — iy8; — ia0; 1 — 8j1 — 0j 0 — ... — 61)
11=11ix=1
‘ i s
= CIT{71A1 Z Z 2_(21+Z2)h0(80 — il(Sj — iQ(Sj_l — 63'—1 — (Sj_g — ... — 51)
i1=1142=0

(2)

We separate the terms in A, with ky = j — 2 in the first term and write down the

representation Ag) = Agi + A% We estimate terms from Agi by means of (5.5) with
Jjrj—2and s — sy —i10; —i20;_1 — 0;_1 — 0;_2. By manipulations similar to those
at the previous step, we obtain a new form of estimate (5.6), I;(sp) < Aél) + Aéz) + A§3)
Performing these cyclic estimates j — 1 times, we arrive at

(5.8) Li(so) < A+ AP 4+ A where

Jj—1
1

Agl_) =27 ll[ (Sg—ll +7°122 “+l2[,1(80—21(5 —(5 1—12(5] 1)
i1=1

26



Lo j—1

—|—7’1 Z Z Z 2” (4 Fintat) [ h(SO — Z15 — — Z‘h(Sj,thl - lh+15j7h - Z (Sl> +

t1=122=0  ¢,=0 i=j—h
il j—1
+r{” Z Z Z (it A=) [ (50 — 6165 — ... — ij_a03 — ;162 — Z 0i),
i1=110=0 Z] 2=0 1=2
5 la 7—1
2 .
E E E 2- (1t 4t Il (30 — 21(5 — Zj_1(52 — E 5z)7
Zl 112 0 7,] 1= =0 =1

i s

AP =t A 3 S ey - S

i1=112=0 1310

The values [ satisfy the following restrictions from above:

j—1
So — il(Sj — iQ(Sj_l — ... ik—léj—k+2 — lk(sj—k-l—l — Zél Z 1
=1
7—1
— il(Sj + 2‘2(5]',1 —+ ...+ ik716j7k+2 + lkéj,kprl <1+20—1-— Z 0;
=1
(5.9) =26—-0(1 27" =6+0; 1, k=1,2,...,5— 1.

Our next goal is to establish appropriate estimates from above on Ag )1, A§221 and Ag-gl)l.

We begin with Ag_)l. Let us write it down in the form
(5.10) AW =Nty

where P() = 2illlj(8 — 115]‘), P1 = le 27(i1+l2)]j_1(80 — il(Sj — 125]‘_2 — 5]‘_1), and for
h > 2,

l1 l2 7—1

P, = Z Z Z 2~ (i1 +ip+lptr) [ h(SO — 215 — — ih5j7h+1 — lh+16jfh — Z 51)’

11=112=0 i =0 i=j—h
By condition (5.9) on the number of iteration, the following estimate on P, holds:

l1 l2

(5.11) mY > . }:2lﬁ'mﬂwﬂ h<j—2.

t1=1122=0 i, =0

According to (5.9), we also conclude that [, satisfies i16; + 20,1 + ... +ipdj_pi1 +

lhy10; n < 6+40;_1. Hence, by the definition of sequence {4,} there holds &; (i1 +2iy+2%i3+

W+W4m+ﬁhﬂ)g@@ﬂﬂ)TMWbmJH1<?4l2*@Hﬂh+?@+ A28 )+

217" so that we can set I = [277" —27"(iy 4+ 20y + ... + 2" 1,) + 27", where []
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denotes the integer part. Obviously, there holds [, > 297" —27" (i, +2iy+...4+2"71i},) — 1.
Extending estimate (5.11), we obtain

(5.12) < 205 ZZ 22 (i1 izeesin)
i1=1i2=0 ip=0

where R(iy, iy, ...,in) = 227" 4 (1 =27") 4ip(1 —2="=D) 4 44, (1 —271). Tt then follows
from (5.12) that

00 h h
Py <20;(1) Y 270 R (Zz (1-27 (=t )2—2” <2227 L[]
i1=1 =2 =0 =1
where b; = (1 —27(=279)=1_ In order to estimate constants b;, we observe that for

arbitrarily small p > 0, there exists a number ko = ko(p) such that
(5.13) b; <2+ p for any i > k.

Hence, there holds [T/, b; < (2+p)" *ogke for h > 1, where gy = v/2/(v/2—1). Extending
the above estimate on P,, we obtain

(5.14) Py <27 Lo (12777 (2 4 ) hoghe

We now estimate [;_p,(1) from above. By the a priori estimate (4.24) from Lemma 4.4 it
follows by assumption (5.1) that

(515) [jfh(1> < CF(t]‘,}J =C3 exp{A(T - tj,h)i’g}, 6 = 1/[m(p + 1) + 60]
By the definition (5.3) of {A;} there holds

> = . A~ A2 mHDG—h)
T—tin= Y &= Y ri'a="2-== :

4 A 1—ro I—ro
i=j—h+1 i=j—h+1

Hence, inequality (5.15) provides us with the estimate

I p(1) < czexp{A[(1 - ro)/A]P2U M%)
Substituting this estimate into (5.14), we get
(5.16) Py < 322" (2 4 ) Fogko exp{—27 "M (j — h, &, 0)},

where the function M (v, &, d) has the form

A (1 — rp)cre(e)2me+D) ’
Smr1) 2060 :

_A\B
(5.17) M(v,fo,5):ln2—A(1 ”;) =In2—

Here the constants ¢; and ¢(g) are given in (4.23), (5.3), € > 0 satisfies (5.2), and £ is from

(5.15). We need some properties of the functions M (v, &, §). For arbitrarily small values
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of § > 0 and & > 0, there exists finite vy = vp(&y,d) > 0 such that M(v,&,d) > In2/2
for any v > vg. Hence, estimate (5.16) can be extended as follows:

Py < 322 (24 p)Rogko exp{—27""1n2/2} if h < j — vy,
(5.18) P, < 327" (2 4 p)Fogho exp {210 BSTmPHDEYif B> — .

The constant B = A[(1 —rg)cic(€)]? is independent of h, j and other constants in (5.18).
There hold ko = ko(p) — oo as u — 0 and vy(&p, ) — oo as § — 0 or § — 0.

We now estimate Agl_)l. In view of (5.18) it follows from (5.10) that

J—vo

Ag-l_)l < 03227}1950 [r1(2 4 )] (2 + p) o exp{—2""1n2/2}
h=0
j—2
+ Z 52 " gkl (2 )" (2 4 ) R0 exp {210 By Y = A] )1 L+ A( )
h:j7U0+1

We recall that by (5.2), 7, = (1 +¢)rg = (1 + £)27™#+Y_ Therefore, for any m > 1 and
p > 0, we can choose small fixed £ > 0 and the g > 0 from (5.13) such that (2 + u)ry =
(2 + p)(1 +¢)/2mP+) = \; < 1. Then we deduce the estimates

J—vo
(5.19) AW < 2030602+ )70 Y Mrexp{—2/"n2/2}
h=0
J—vo
< ey Zexp{ (In2/2)2 ™" + (j — h) In A\T'} < e M By,
h=0

By = Bi(\) = Zexp{ (In2/2)2" +iln A\7'} = const, ¢4 = 2¢3g5°(2 + p) =
=1
Jj—2 .
(5.20) A('l—)1,2 < By Z AL < BoXTH (1 = Ay) Y, By = cqexp{2t0 RSt

J
h=j—vo+1

Let us estimate the term Agz_)l. We have

AZ < YN YT L () = o ()2 = 2n) T L)/

(5.21) AP <27 (1),



3)

i

A;g_)l S CIT{_lho(l)Al Z Z Z 2_(i1+i2+'”+ij_l)

11=1122=0 1;1=0

(5.22) < e (2rm) T ARG (1) /2 < et M AR (1) /2.

Finally, consider A

Thus, we obtain from (5.8) due to (5.19)-(5.22) that I;(so) = I;(1 + 26) < &\ for any
j=1,2,..., where ¢ = ¢(0) is independent of j and § > 0 can be chosen arbitrarily small,
and hence

j j—1 ~
=1 =0

This uniform in j estimate completes the proof of Theorem 1.1 under the additional
restriction (5.1).

6. End of proof of Theorem 1.1: “steep” LS-regime

We now consider optimal blow-up LS-regimes. Namely, according to Theorem 1.1, the
boundary blow-up function satisfies for ¢t € (0,7)

(6.1) F(t) < cexp{A(T —t)"?}, where ¢ =1/[m(p+1) —1+&] and & > 0.

We begin with the functional system (4.23), but unlike the previous section, we use a
different choice of free parameters in partitions. In the case of “steep” boundary regimes
(6.1) the optimal choice of the partition {A;} has to depend on the spatial variable s,
more precisely, on the a priori unknown profile of solution u(x,t) under consideration

10(5s) :/ \u(z, t) [P dodt for t ~ T, s> 1.
Q(s)x(0,1)

Therefore, we need to arrange an iteration procedure. In the first step, we perform
estimates of functions [;(s) corresponding to partition {A;} connected with the initial
boundary regime (6.1). In the next steps, the corresponding partitions will be chosen by
means of “fictitious, more flat” regimes obtained from energy estimates of solution in the
previous step. Let us perform such a construction.

(i) Fix ¢; = g = const, i > 1, where g is sufficiently small.

(ii) Fix a positive constant 3 < 1 and define the sequence {«;} of normalized multipliers
in (4.21), (4.22) as follows:

(62) Qj = Qj_1T2 = Oéj_ng/(]. + 60) — ﬁj =r3 <1.

(iii) Let us fix a large constant K > 0 (in what follows we pass to the limit K — o),
and define the partitions

(6.3) 5; = (K 4 Z‘>—1—51/m(19+1), A, = (K’ + Z‘>—m(P+1)—§1’ i>1
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(we set dp = 0), where the constant & = &;(&) > 0 will be determined below. Under the
above definitions, the functional system (4.23) takes the form

(6.4)  Ji(s) < M J (s +)\12A—r3 kas—Z(S +c2r3AHos—Za

where Ay = cic(g9)/[1 + c1c(e0)] < 1 and ¢ = cl/[ + c1c(g9)]. Recall that Ji(s) =
I;(s)ry = I;(s) exp{—Inry'j}. System (6.4) looks similar to (5.4) for the flat LS-regime
and we apply the same iteration procedure, which beforehand led (5.4) to (5.5). Then we
obtain for j > 1,

—1

Ar e | i1
Ti(s) < AiJj(s — 16;) + ZA_ k;MJk(S—MSj —;50

k=1
l 7—1
(6.5) +erd A Y N Ho(s —id; — Y 6n) = AV (1) + AP () + AP (1),

Let us comment on a possible number of iterations [ in (6.5). Denote

(6.6) 6 =0(I, &) 25 = Z (K + 4)~1=&/m@+D),
=1

We have f;oﬂ g lmE/met gy <5 < [ 2 8/mrtdy, and consequently
(6.7) Elmp+1)(K + 1) 8/m0) < §(K &) < & ''m(p + 1)K -&/meth)
so that for any fixed & >0, (K, &) — 0 as K — oco. Denote

(6.8) so =1+ 28(K, &),

and determine the following number of iterations at the fist step: [; = [;(j) = [0/4;] for
j > 1. Then

so — 16 —Za = 1420 — 1,6; —Z(s >1420—0- Z(s =1+ 26 > 1.
i=j+1

Hence, (6.5) holds with [ = [;, We again decompose Ag ) in a manner similar to that in
the previous section to get

1 ng)\ (Sj —5]‘_1)

i1=1

j—1
(6.9) + Z SEr Z N Ty (50— 08y — 3 o) = AP) + AP,
ki=1 L i1=1 h=k1

We estimate the terms in fl“ by using (6.5) similarly to (5.7),

Jj—l(SO — iléj — 5]‘_1) S Alf Jj—l(SO - 2'15]‘ - 63'—1 - lZ(Sj_1>
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j—2

k2=1 ip=1 h=ks2
7j—2

(610) +CQT3 lAj 1 Z )\Z _IH()(SO — 215 — (5 1 — 22(5] 1 — Z 5h
i2=1 h=1

Substituting estimate (6.10) into the expression for flﬁ, by some obvious manipulations

with the terms on the right-hand side in (6.5) we obtain J;(sq) < AN 4+ AP + AP with
flgl), [19 and flg’) corresponding to Agl), Ag) and AS”) introduced in Section 5. After
j — 1 steps of such calculations, similar to the previous section we deduce that

(6.11) T;(s0) < A )1+A§ D+ AP >
AEI) = N Ji(s — 116, s Z At g — 105 — l205 1 — ;1)
i1=1
I 1o A
T3 Z Z /\z1+z2+13 2 So 2'15], _ i25j—1 — 135]’—2 — 5j—1 — 5 ) + ...+ A_ -1
2

i1=112=0

5 l2

i—1
5¢ Z Z Z )\11+12+ Aot 1J2(80 . 215 . ij_2(53 . lj_162 . széh),
h=2

i1=142=0  ¢j_2=0

i I

i—1
A§2 Z Z Z )\11+12+ A IJI(SO . 21(5 . . ij_152 . ]X:éh)v
h=1

11=1142=0 zjlo

I la 7—1
A(3)1 = CQT3A )\ Z Z Z )\“+12+ Sk 1[‘I (80 — 215 - Z‘j_lég - Z 5h)
h=1

11=143=0  ¢;_1=0
Note that the values of I, = Iy (i1, 42, ..., ik_1), K = 1,2, ..., j— 1, are determined from (5.9),
where now sq is given in (6.8) and {¢;} are defined in (6.3). Thus,
j—2
N A
(6.12) AP =3
h=0 —J7h

where P, are similar to P, from (5.10). In particular the following estimate holds:

(6.13) i: 22: Z )\11+Z2+ -Hh-l-lh+17 h > 0.

11=1122=0 i, =0

Using (5.9) again, we derive the condition determining possible values of Iy, I <

(6 — 110 —i90j_2 — .. —ip0j_p+1)/0j—r, = a. Hence, we can set ;1 = [a] and then
o . . ;i . — . di_
iAo+ i Ly > Fi(1— =) (1 — 28y (1 — Ly

Oj—n Oj—n Sizn Sizn
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Therefore, the following estimates on P, holds:

3; 1 h+1

» - J ll 6] 5] h
Phg)\lle_h(l)exp{ 1nA115ﬁ }Z)\ Z/\ 2 Z)\ "
11=1 i2=0 ip,=0
5
(6.14) <A Mn(1) exp { In A, 15 } II,, where
1—h
U B (R SR SR G —~(1-24chil

(6.15) I, =X, " A TN M)ty o)

To estimate II;, from above we need bounds on the last factors. By Lagrange’s formula

S
—(1-#=k) . .
N hieh —1:exp{ln)\f1(1—g] k)}—lZln/\l—1 (1—%).
j—h J—h

Therefore, (6.15) implies that for any h > 1,

(h—1—6j71+"'+6j7h+1) h—1

-1
(6.16) I, < A, %ih (AT T] (1 — ‘5”) .
k=0 0j—h

0, k h—Fk 1+&1 /m(p+1) h— L
1— J7F 1 = (1— ’7> Z SR and
h—1 he1 '
Ojk h—k MK +j — h)! )
1— 2 > _ —(ch 3
,!_[0< 5jh> _Hlx’+j_k (K +j)! (Ck+j)

where the binomial coefficient satisfies (CJ )~ > 275%9). Therefore, there holds II, <

p ARk = (A In A7) L. Substituting this into (6.14) yields

(6.17) Py < AP0k hoh g (1) exp{— In AT

0

Let us estimate the last two factors on the right-hand side. By (6.7) and by the definition
of 0; in (6.3) we have

J S m(p +1)(K + j — h)1Ha/mp+D)

S Gl nEmem

-1 - i p)1+&/m(p+1)
< exp AT mp+ DK 45— h) ‘
& (K + 1)8/mp+1)
We now estimate .J;_5(1). By the a priori estimate (4.24), it follows from Lemma 4.4,

condition (6.1) on the boundary blow-up regime, definition (4.22) of .J;(s) and from (6.2)
that

(6.19) Ji—n(1) = 7“2 hlj_h(l) < rg_hCF(tj_h) < Crg_h exp{A(T — tj_h)_d’},
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where 7o = r3/(1 +&p). Let us derive an estimate on 7' — ¢; for any i > 1,

T—t; = i Ay = Z fem =
k=i+1 k=K +i+1
Hence, [ .. @ “mlet)talgey < T — ¢, < Jropi®™ mp+D+&l e so that for i > 1,
(6.20) G (K +i+1)"V" <(T—1;) <o (K +i)7 ¢ =1/[mp+1) —1+&].
Therefore, (6.19) implies that
(6.21) Ji—n(1) < Cry " exp{ A (K +j — h +1)%%'},
where A; = A¢7?. We now choose & = & (&) > 0 such that

¢ _mp+1)—1+& &1 B
(6.22) a:m(p+1)—1+§0_1+2m(p+1) = a =%

and, in particular, for any & > 0,

2m(p+1)
mp+1)+1—¢&’

(6.23) &>, v=2mp+1)/Imp+1)+1]> 1.

Then estimate (6.21) for A > 1 takes the form

(6.24) Jin(1) <Oy exp{A)(K +j—h+1)"}, vy =14+&/2mp+1)> 1.
Substituting estimates (6.18) and (6.24) into (6.17), we obtain

(6.25) P, < Cpul 2849 M exp{— Ay (K + 5 — ) P+ Ay (K +j — h+ 1)},

where Ay = m(p+ 1) In A7 /& (K + 1)2=D. We need some extra simple manipulations.
Let us write down the exponential term in the right-hand side of (6.25) in the form

Ty =—(K+j = h)" {As(K 45— h)" ™ = A1+ (K +j—h)~)"

Consider the auxiliary function Ty(v) = Ag(K + v)"t~! — A;[1 + (K + v)7']**. One can
see that there exists vy = vp(Asg, Ay, K, &) such that T'y(v) > 1 for all v > vy. Denote
F( ) = F (Az,Al,Ix §1) = maxacy<y, |I2(v)]. By the definition of I'y(v) we have I'y <

—(K+j—h)"if j—h > vy and Ty < T(K + vg)” if j — h < v. Thus, from (6.25) we
derive the following estimate:

P, < C’u 21“”7“; hexp{—(K +j7—h)"}, h<j—u,

(6.26) P, < Cul 2kl hexp{FgO)(K +v9)"'}, h>j — .
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Let us come back to the estimate on figljl from (6.11), (6.12). Hence, by (6.26) we have

J—vo

- . A
AP <02y R exp{=(K +j = h)"}
h=0 —J—
j_2 A
+ C2K+i Z J ré‘r% h hexp{F (K—i—vo)”l}
h=j—vo+1 Aj_h
IR A,
= 02"} Z A?h (1+ =0)" sl exp{~(K +j — h)"}
h=0 —J7
A
+C28 ) N L [(1+ eo)pua]" exp{TY (K + o)}
h=j—vo+1 i h
_ _j—vo o Jj—2
(6.27) < O]y AL+ K25 YT A,
h=0 h=j—vo+1

where C' is as given in (4.24), K; = exp{FgO)(K +vo)" b, AL = (1 +ep)pq and py =
(Arln A7Y) 7L As a natural continuation of (6.27), we finally obtain
(6.28) A < O AT A - 1) T = O A, > L

Here and later on constants C';, (5, ... depend on the known parameters and, in particular,
are independent of j. Next, we have

o0

- A . :
APy <For J—1J1(1>ZX;ZX2 Z Nt < pd T (1 o 2g ) KD
1 i1=1 i2=0 15-1=0
(6.29) x (K 4 §) ™eFD=8 1 (DA (1 = M) U™ < Cyfra(1 4 20) (1 — Ay) Y.
Hence, there holds
AE?,_)I S CZT%AJ'HO(]_) Z /\111 Z )\112 Z )\ij71 S CQT;(]. + So)j
i1=1  i2=0 ij_1=0

(6.30) X (K 4 j) meH=8 (1A (1 — M) 07D < Cs[(1 + 0)ra(1 — M) 1.

By (6.11) and (6.28)-(6.30) we have J;(so) < Cyr}[2A; + 2(1 + 0)(1 — X)) = CurdA).
Recalling the definition of the normalized functions Ji(s) in (4.22) and (6.2), we obtain
I;(so) < CyA} and hence for any j > 1,

J J
(6.31) I%)(s0) = > Li(s0) < C4 Y A} < C5A) = Csexp{jln Ay}
=1 =1
By estimate (6.20), K 4+ i < ¢{*(T —t;)~** for i > 1. Substituting into (6.31), we get

](tj)(SO) S 05 exp{Ag(T —t]> } where A3 ¢¢ In A2 Since (T —t])/(T— tj—l) — 1 as
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j — 00 monotone, this “discrete” estimate implies the “continuous” one for any t > tg,
(632) [(t) (80) S 06 eXp{A4(T — t)iqsl}, A4 = Ag[(T — t1>/(T — t2>]¢1

Let us note that by the a priori estimate (4.24) and condition (6.1), we have the “initial
estimate”

(6.33) IW(1) < CF(t) < Cexp{A(T —t)™%}, te (to.T); ¢=1/[mp+1)—1+&).

Comparing estimates (6.32) and (6.33) shows that we essentially reduce the singularity
order at s = sy relative to that at s = 1 since by the construction & > &, where 7o > 1.

We now start the next computational cycle by taking estimate (6.32) as the initial one
instead of (6.33). Namely, for s > sy, we introduce a sequence of new energy functions
I;(s) keeping for convenience all the previous notations, so that for i > 1, A; = A;(&)
= (K )7t~y 6; = 6;(&) = (K +4)~'=%/mP+) where § = 0 by implication and
&> is determined from the equality similar to (6.22)

mp+1)—1+& & B 2m(p+1)
)16 w2 T )16

where 79 > 1 is as in (6.23). The new energy functions are

/ / u(z, t)|Pdadt, s> sg, j>1.

Here {t;} is the new time partition of the interval (0,7) corresponding to {A;} defined
above. Instead of 6 = 0(K, &) in (6.6), we set § = 6(K, &) = > o2, 0;(&2), so that similar
0 (6.7) there holds

(6.34)

> 70517

(6.35) m(p+1)& (K + 1)_’"5’2*” < (K, &) <m(p+ 1)551;(——,“5,11)‘

We also define the new value s = so + 20 = 1 + 20(K, &) + 20(K,&). We perform
calculations similar to those which led us from the initial estimate (6.33) to (6.32), but
now with (6.32) as the initial one. We then obtain for any t < T

(6.36) 1D (s1) < Crexp{As(T — )72}, o =1/[m(p+1) —1+&]

Using (6.36) as the initial estimate for the next cycle of calculations, etc., after a number
[ of such cycles we arrive at the estimate

(6.37)  IV(si21) < Cyexp{Ae(T =)™}, ¢y =1/[m(p+1) = 1+&], Ag = Ag(D),

where & > v\, 70 > 1, 5121 = 1+ 26(K, &) + ... + 20(K, &), and 6(K, €) satisfies (6.35).
Choosing [ =l such that &, = 1+ v, v >0, then ly =1+ [(In(1 +v) + In& ")/ In o], as
a consequence, we deduce that
lo
Slo— 1<1+22(5 Kr <1—|—2mp—|—1 Zgol —lK €075/m(p+1)

=1 =1

(6.38) <1+ 2m(p+1)& (v — 1) K n0/mp+1),
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Thus, performing [y cycles, we obtain the estimate
(6.39) 1D (51,_1) < Cyexp{A;(T — t)~VImeHD+ N 4 <71 > 0.

We now choose the value of K. Given an arbitrarily small number p > 0, let K = K(u)
be such that 2m(p + 1)& (o — 1)~ K—0/m@+1) — ;. Then, in view of (6.38), estimate
(6.39) yields

IO(1 + p) < Cyexp{A+(T — t)~V/ImEED+IL - for ¢ € (0,7).

The constants C'y and A; do not depend on t. Therefore, we arrive at a flat blow-up
LS-regime posed on the lateral boundary of the domain {|z| > 1+ u} x (0,7). By the
results from Section 5, the blow-up set is contained in {|z| < 1+ pu}. Since g > 0 can be
chosen arbitrarily small, Theorem 1.1 follows. O
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