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Abstract

Controlling chaos by an extemnal sinusoidal force is considered in an asymmetric analog neural network with time delay.
Quantitative characteristics of the chaotic outputs (spectrum, correlation dimension and largest Lyapunov exponent) are
studied. It is pointed out that the external sinusoidal force allows one to control the degree of chaos and to produce

ELINY

“chaos—order”, “order—chaos”, and *“‘chaos—chaos” transitions. Possible mechanisms responsible for the different transitions
are discussed. The results of a numerical simulation are compared with the experimental data on controlling chaos in the

brain. (©) 1997 Elsevier Science B.V.
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1. Introduction

Investigations of human and animal EEGs have
shown that these signals are deterministic chaotic
processes, with the number of degrees of freedom no
more than ten, and depend on the functional state of
the brain (awake, sleeping, and epilepsy) [1-6]. In
order to confirm the deterministic origin of chaos and
differentiate it from the quasi-periodicity the largest
Lyapunov exponent has been calculated from the ex-
perimental time series of the EEG. Its value was in
the range from 0.028 s~! to 12.6 s~! [1,3-6].

Establishment of the deterministic origin of the EEG
allows one to make a model for the system which
produces this signal. The relatively small number of
degrees of freedom in an EEG points to the high degree
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of self-organization of the neural electrical activity,
which changes in dependence on the functional state
of the brain (see, e.g. Ref. [7]). Under such a degree
of self-organization, it is natural to suppose that the
properties of an EEG are essentially determined by the
collective degrees of freedom of the neuron outputs.
One can use the very simple analog Hopfield neural
network model to describe the EEG, in which one
neuron represents an averaged activity of a neural sub-
ensemble of the brain.

Early studies of chaotic neural network models
are mainly devoted to the existence of chaos both in
the single-neuron output and in the neural ensem-
ble [8-11]. In subsequent investigations, quantitative
characteristics of the chaotic behavior of both single
neurons and neural networks with iterative dynamics
(Lyapunov exponent, fractal and information dimen-
sions) were studied [10,11]. It was shown that the
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chaotic regimes were observed at the positive values
of the largest Lyapunov exponent. Fractal and infor-
mation dimensions of single-neuron chaotic outputs
calculated in Ref. [11] were in the range from 1.5
to 1.8. The asymmetric analog neural network with
time delay and random connectivity was studied in
Ref. [12]. It was shown that this neural network
produces chaos which is similar to human or animal
EEGs. The correlation dimension » and the largest
Lyapunov exponent A obtained in Ref. [12] were in
the range of the experimental values. Changes of the
neural network parameters allow one to control the
degree of chaos and to produce sinusoidal or quasi-
periodic outputs. This chaotic neural network also
demonstrates epilepsy-like phenomena on increasing
the excitability [13].

However, the changes of the neural network param-
eters in order to control the chaos are not always pos-
sible (for example, in the cases of allergy to drug ac-
tion or under the conditions when rapid changes of
the functional state of the brain are necessary). There-
fore, it is of interest to study the external action on
the neural system too, both in experiments and in the
modeling. Moreover, special attention is attracted by
investigations of the action of natural and artificial
electromagnetic fields on human and animal brains.

Experimental controlling of chaos in the brain was
carried out in Ref. [14]. It was shown that the ex-
ternal action on the brain can increase the periodic-
ity of the bursting behavior in the neuronal popula-
tion. On the other hand, using the “strategy of an-
ticontrol”, such systems can be made more chaotic.
Quantitative characteristics of the brain response to
the external periodic action (correlation dimension
and largest Lyapunov exponent) were studied in more
detail by Hayashi and Ishizuka in Refs. [5,6]. They
found different types of phase-locked and chaotic re-
sponses of the brain as caused by external stimula-
tion. The correlation dimension of the field potential
oscillations have the values 5.5 & 0.4 for the sponta-
neous delta rthythm, 1.5 £ 0.3 for phase-locking and
for the non-saturative slope of the correlation inte-
gral for the chaotic response between phase-locking,
and 2.8 £ 0.2 for chaos which is not a simple mix-
ture of the two kinds of phase-locking. The values of
the largest Lyapunov exponent for the different kinds
of responses are 3.4 +1.2,44+1.0,7.3+ 2.1 and
12.6 +2.9 571, respectively [5,6]. Different irregular

transitions between these types of responses, in par-
ticular between high-dimensional (» > 3) and low-
dimensional (¥ < 3) chaos are also observed when
the frequency of the external action is varied.

Iterative neural network models under an external
action were also studied [15-17]. In Ref. [15], the
neural network under the action of external noise was
investigated. It was obtained that the external white
noise reduces the value of the largest Lyapunov ex-
ponent. Controlling the output in chaotic neural net-
works was studied in Ref. [16]. Changing the pa-
rameters of the neural network, it is possible to ob-
tain a transition from chaotic to sinusoidal or constant
outputs. In Ref. [17] the threshold parameters were
used for control. Deviations of the actual states from
the desired states were examined, depending on the
range of the coupling coefficients between the neu-
rons. Switching from chaotic to regular outputs has
been obtained. However, the study of the changes in
the quantitative characteristics of the neural network
model outputs in the response to an external periodic
force and their comparison with the experimental be-
havior of the brain has not been performed.

The aim of this Letter is to explain some experimen-
tal results on controlling chaos in the brain. A numeri-
cal simulation of controlling chaos in an analog neural
network with ten neurons under the action of an exter-
nal sinusoidal force is examined. Quantitative charac-
teristics of the neural network outputs ( spectrum, cor-
relation dimension and largest Lyapunov exponent)
are investigated in dependence on the amplitude and
frequency of the external force. The irregular changes
of these characteristics in the response to the external
periodic forcing are compared with the ones obtained
in the experiments on the periodic stimulation of the
brain. Possible mechanisms responsible for different
types of neural network outputs are discussed.

2. Model and method of analysis

The asymmetric analog neural network model with
time delay and under an external sinusoidal force
which is considered in this Letter is described by the
set of differential equations
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M
(1) = —u(t) + Za,-jf(uj(t —7;)) + esinw,t,
=1

Lj=1,2,... M, (1

where 1;(t) is the input signal of the ith neuron, M
is the number of neurons, a;; are the coupling coeffi-
cients between the neurons, 7; is the time delay of the
Jjth neuron output, f(x) = ctanh(x), and ¢ and w,
are the amplitude and frequency of the external force,
respectively. In this Letter the case is studied when
the value of 7; is constant for all neurons (7; = 7).
The coupling coefficients are produced by a random
numerical generator in the interval from —2.048 to
+2.048; the coefficient ¢ is used in order to vary the
coefficients g;; simultaneously.

To solve Egs. (1) the fourth order Runge-Kutta
method is used with time step # = 0.01. Small random
values of u,;(0) are chosen as the initial values. For the
time ¢ in the interval from —7 to 0 each u;(t) is to be
taken zero. A time series of N = 100000 and one of
N = 8192 points are analyzed since the stationary state
is reached after ti = 10 h. The frequency spectra are
calculated using the ordinary digital Fourier transform.

For the evaluation of the number of degrees of free-
dom the correlation dimension vgp [ 18] and the point-
wise correlation dimension », [19,20] are calculated,
using N = 8192 and N = 100000 points, respectively.
In the latter case, N s = 100000 points are used,
which allows one to achieve the same statistical pre-
cision in the calculation of v, as at Nes = N [20].
The sampling frequency is chosen so that each sig-
nificant spectral component should have at least 8-10
points on the time period. Note that the calculated val-
ues of the point-wise correlation dimension », from
N = 100000 points do not differ essentially from the
correlation dimension vgp calculated from N = 8192
points (deviations are within 15%). This result co-
incides with Ref. [21], where the calculated values
of the correlation dimension from N = 50000 and
N = 2000 points, obtained from a chaotic experimen-
tal system with » =2 7, have the same magnitudes ( here
and below the letter » is used to designate ¥gp or ¥,
without differentiation).

In order to calculate the largest Lyapunov expo-
nent in M-dimensional phase space two trajectories
are computed from Eq. (1): the unperturbed uo(t)
and the perturbed u.(¢) [22]. For the calculation of

the perturbed trajectory after reaching the stationary
state the small values eu; are added to u;. Here ¢ is in
the range from 10~!* to 107°. The largest Lyapunov
exponent is defined as

A= lim lim Ot—lln[D(t)/D(O)], (2)

t—00 D(0)—

where

M 1/2
D(1) = (Z[uw(t) - u,-o<t)]2) :

i=1

M 1/2
D(0) = (Z[uie(O) - u,-o(0>12)

i=1

are the distances between perturbed and unperturbed
trajectories on the current and on the initial moments,
respectively. The largest Lyapunov exponent A is cal-
culated from a time series of N = 100000 points.

3. Simulation results and discussion

The calculations carried out show that an asymmet-
ric analog neural network with time delay and under
the external action of a sinusoidal force demonstrates
periodic, quasi-periodic or chaotic outputs.

We start from the case when the amplitude of the
external force e = 0.0. Under this condition, the neu-
ral network produces chaotic output with the correla-
tion dimension » = 5.2-7.1 (depending on the ordinal
number of the neuron) and dimensionless largest Lya-
punov exponent A = 0.017. Fig. 1 shows the cumula-
tive spectra of ten neuron outputs obtained at ¢ = 0.0.
We can see that the peak frequencies are in the ratios
of 0.12: 0.28 : 0.46 : 1.04. Similar ratios of the main
rhythms of the human EEG (delta-, theta-, alpha-, and
beta-thythms) are also observed in the experiments:
2.3:5.5:10.5:21.5 (see, e.g., Ref. [23]). The cor-
relation dimension » calculated from Eq. (1) is also
in the range of the experimental values v = 6-9. To
compare the calculated value of A with that obtained
from a human EEG we perform a time normalization,
so that the third frequency peak of the numerical so-
lution (Fig. 1) is taken to be equal to the frequency
of the human a-rhythm, f, = 10.5 Hz. In this case,
the largest Lyapunov exponent obtained from the nu-
merical solution is equal to 2.4 s~! and agrees with
the experimental values up to 12.6 s~! [1,3-6].
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Fig. 1. Spectra of the outputs for all ten neurons without an
external action; M = 10,¢ = 30,7=10.0,e =0.0.

Thus, we see that the chaotic neural network under
study has quantitative non-linear characteristics which
are stmilar to the human EEG.

When we apply to this neural network an exter-
nal sinusoidal force, we can change its output from
relatively high-dimensional chaotic (v ~ 5-8, A > 0)
to low-dimensional chaotic (v < 3,A > 0), quasi-
periodic (¥ € 3,A & 0) or periodic ones (v = 1,
A = 0). The changes of these regimes are irregular
with the growth of the external force frequency and
qualitatively reflect the experimental observations in
Refs. [5,6].

Plots of the maps, time series and Fourier spectra
for these different regimes for the sixth neuron are
shown in Fig. 2. We clearly see a qualitative differ-
ence of the regimes. The output of the sixth neuron
without an external action has the correlation dimen-
sion v = 5.4. This value of the correlation dimension
coincides with » = 5.5 + 0.4 for the spontaneous field
potential oscillations of Ref. [6].

When we apply the external force with a frequency
w, = 0.1 and amplitude e = 7.0, the output of the neu-
ral network shows low-dimensional chaos with A =
0.004 and v = 2.5 for the sixth neuron. This case cor-
responds to the strong resonant action of the external
force on the neural network when the frequency of
the external force is very close to the eigenfrequency
of spontaneous oscillations with a relatively large am-
plitude (first peak in Fig. 1). This action also pro-
duces the largest output amplitude; see Figs. 2a,e).
The spectrum of the output has the largest peak at the
frequency w, = 0.1 and three smaller peaks of its sec-

ond, third, and fourth harmonics, which frequencies
are slightly smaller than 0.2, 0.3, and 0.4, respectively
(Fig. 2i). This type of spectrum is characteristic for
the quadratic and fourth power mode coupling, with
subsequent destruction of quasi-periodicity and chao-
tization of output (see Ref. [24]). In this case, sponta-
neous oscillations are considerably suppressed by the
main oscillation with w, = 0.1. As aresult, we have an
attractor with a correlation dimension which is smaller
than the value of v for spontaneous oscillations. This
regime corresponds to the case of chaos, with the cor-
relation dimension » = 2.8 + 0.2 in Ref. [6]. Note
that a similar spectrum with one largest low-frequency
peak, small correlation dimension and positive largest
Lyapunov exponent is also observed in Ref. [1] in a
study of epilepsy.

The second case, Figs. 2b,f,j, corresponds to the
quasi-periodic solution. It has A =~ 0 within the accu-
racy of calculations |AA| < 0.001 and » & 2.2. In this
case we also observe resonance, but it is less strong,
because the difference between the frequency of the
external force and the first peak of the resonant fre-
quency for spontaneous oscillations is greater than in
the previous case. Here the cubic non-linearity plays
an important role, as is seen from the spectrum in
Fig. 2j, when the first and third harmonics have the
greatest amplitudes along with weak combinatory fre-
quencies’ peaks. However, in this case, the largest peak
amplitude is considerably smaller than in the previous
regime. It suppresses chaos, but does not allow one to
destroy quasi-periodicity. In spite of that this regime
is also low-dimensional; it has a more ordered struc-
ture, as seen from comparison of the maps in Figs. 2a
and 2b. It is close to the regime of phase-locking in
Refs. [5,6], if we compare corresponding maps. The
positive largest Lyapunov exponent obtained in the
regime of phase-locking, as is emphasized in Ref. [6],
appears due to the influence of noise.

In the third case, the external force with w, = 0.6
(Figs. 2c,g.k), produces the most chaotic map in
Fig. 2. Here, the largest Lyapunov exponent and
correlation dimension have relatively large values,
A = 0.023 and v = 7.7, respectively. Owing to the
absence of resonance, the external action with this
frequency only slightly modifies the spontaneous
spectrum, introducing oscillations with the dimen-
sionless frequencies 0.6 and 1.2 (Fig. 2k). However,
by increasing the amplitude of the external force, we
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Fig. 2. Maps (a)-(d), time series (e)-(h) and spectra (i)-(1) of the different regimes of the neural network output for the sixth neuron
(M =10,¢ =3.0,7 = 10.0,e = 7.0): low-dimensional chaos, w. = 0.1 (a), (), (i); quasi-periodic output, w. = 0.15 (b), (f), (j);
high-dimensional chaos, w, = 0.6 (c), (g), (k), and periodic output, w, = 0.65 (d), (h), (1).

can suppress chaos in this case too (see a similar case
below in Figs. 4¢,d). This most chaotic regime corre-
sponds to the case between phase-locking in Ref. [6],
when two different regimes co-exist. In Ref. {6] sat-
uration of the slope of the correlation integral in this
regime has not been obtained.

Finally, the last case with periodic output,
Figs. 2d,h,l, corresponds to the case of phase-locking
in Ref. [6]. Our calculations give A = 0 and » = 1.05.
Here we have resonant interaction of the external
force (w, = 0.65) with the small peak at the same

frequency in the spontaneous spectrum (Fig. 1). This
interaction suppresses chaos and produces slightly
modulated sinusoidal oscillations, which are clearly
seen in Figs. 2d.h,1.

The correlation dimension » and the largest Lya-
punov exponent A as functions of the sinusoidal ex-
ternal force frequency w, are shown in Fig. 3. It is
seen that both » and A are irregular functions of the
frequency w,. In Fig. 3a we observe the transitions be-
tween relatively low-dimensional (» < 3) and high-
dimensional (» ~ 5-8) chaotic regimes, the largest
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Lyapunov exponent having larger values in the high-
dimensional cases than in the low-dimensional ones
(Fig. 3b). As a rule, low-dimensional outputs are ob-
served when the frequency of the external force is
close to the eigenfrequency of self-excited oscillations
in the neural network without an external action. We
obtain quasi-periodic or periodic outputs with A = 0,
when w, is close to the eigenfrequency of self-excited
oscillations too. Fig. 3 is in a qualitative agreement
with Fig. 8 from Ref. [6], where chaotic regimes al-
ternate with phase-locked ones.

Thus, varying the frequency of the external sinu-
soidal force, it is possible to control the number of de-
grees of freedom and the largest Lyapunov exponent
(2) in the chaotic neural network outputs. Thereby we
can also produce “chaos-order”, “order-chaos”, and
“chaos-chaos™ transitions with different quantitative
characteristics in the neural network model, which are
observed in the experimental control of chaos in the
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Fig. 4. (a), (c) Correlation dimension » and (b), (d) largest
Lyapunov exponent A as functions of the external force amplitude
e; M = 10,c¢ = 30,7 =10.0; (a), (b) w. =0.3, (¢), (d) w, =0.8.
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brain [5,6].

Fig. 4 shows the correlation dimension » and the
largest Lyapunov exponent A versus amplitude of the
external force ¢ at two fixed values of w,: 0.3 and
0.8. The first value of w, corresponds to the resonance
in the neural network (as seen in Fig. 1), the second
value does not produce a resonant action. Both cases
show suppression of chaos in the neural network with
the increase of the external force amplitude. However,
in the case of resonance, considerably smaller ampli-
tudes are necessary to convert a chaotic output into a
sinusoidal one than without resonance. This is clearly
seen in the behavior of the largest Lyapunov expo-
nents in Figs. 4b,d. The dependence of the correlation
dimensions v on the amplitude e demonstrates con-
trolling of chaos too, decreasing from approximately
5-8 to 1 with the growth of e (Figs. 4a,c). The exper-
iments (Fig. 8) in Ref. [6] also show that in the case
of resonance we should apply a smaller external stim-
ulation to suppress a spontaneous chaotic activity. If
we increase the frequency of the stimulation, we must
also increase the stimulus intensity to suppress chaos
and to obtain non-chaotic regimes of phase-locking.

4. Conclusions

Thus, the results of this work have demonstrated
controlling the degree of chaos by an external si-
nusoidal force in neural networks with relatively
high correlation dimensions, comparable to that of
the human EEG. The control of the degree of chaos
and “chaos-order”, “order~chaos” and “chaos-chaos”
transitions with different quantitative characteristics
are produced by varying both the amplitude and
the frequency of the external force. The results of
this modeling allow one to explain the experimental

results on controlling chaos in the brain.
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