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Annoranusa

Bropas gactb pa60T1311, MTOCBSIIIIEHHO} HOBEHIUM MpobeMaM HeJTMHEeWHO! JuHaM-
WKW, TIPEJICTABJIAET CO00it 0030p HEIABHUX PE3Y/IHTATOB, OTHOCIIIUXCSI K TEOPUH YIIPa-
BJICHUS HEJIMHEHHBIMEU (B TOM YHCIE XAOTHIECKUMU) JIUHAMUYECKUMHU CHCTEMAMU U
MoIaBIeHUI0 Xa0ca. OMUCaHBI COBPEMEHHBIE MOIXOIbI K CTAOUIU3AIUN HEYCTONINBOTO
MTOBEJICHNS IETEPMUHUPOBAHHBIX CUCTEM U HANOOJIee preMieMble C TPUKIATHON TOUKN
3pennd MeTO/bl BbIBOJa JUHAMUYICCKUX CUCTEM Ha BaﬂaHHbIﬁ PEXKUM JIBUKCHUNA.
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1 Bsenenne

B Tmegenme q0aroro BpeMeHu mpeCcTaB/IeHNe O XaOTHIECKUX KOJEDAHMIX aCCOIUUPOBAJIOCH
C JIONYIIEHUEM, 4TO B CHUCTEeMe HeOOXOJIMMO BO30OY:KJIeHHE 10 KpaiiHeil Mepe 4pe3BbIYaiiHO
OOJIBIIIOTO YHC/IA CTereHel ¢BOOOIBI. DTa KOHIEMIHS, MO-BHINMOMY, C(DOPMHUPOBAIACH O
JeficTBAEM MOHATUH, CJAOKUBIINXCA B CTATUCTUYCCKON MEXaHUKe: B ra3e JABUXKEHUEe KarKJ0u
OT/IEJIbHON 9aCTUIBI B IPUHIUIE MPEICKA3YEMO, HO TOBEIeHNEe CUCTEeMbI U3 OYeHb OOJIBIITOTO
YUCJIa 9ACTUI IPE3BBITANHO CI0KHO, U TIO9TOMY JI€TAJIN3NPOBAHHOE [IMHAMIIECKOE OTTMCAHUE
TepsieT cMbic. OTCIoTa — MOTPEOHOCTH B cTaTUCTHIeCKOM onucanun. O THAKO, KaK MTOKa3a/I1
MHOTOYHC/IEHHBIE HCCIeI0BAHNUST, CTATUCTUIECKIE 3aKOHBI 8 BMECTE C HUMU U CTATUCTUIECKOE
ONHUCAHWe He OIPAHUYEHBI TOJTHKO OYeHb CIOKHBIMU CHCTEMAMU C OOJBITUM YHUCIOM CTerre-
Heit cBoOObI. Jleno 371ech He B CTOYKHOCTH HCCIEIyeMOil CHCTeMbl W He BHENTHUX IIyMax, a
B TIOSBJIEHUU TIPH HEKOTOPBIX 3HAYEHWAX MApaMETPOB IKCIOHEHIUATHHONU HEYCTONIMBOCTH
JIBUYKEHUS.

PazBuTne Teopum AMHAMUYECKHX CHCTEM BHECIO MHOIO HOBOTO B TOHHMAaHUE TIPO-
HCXOXKJIEHUs XAOTHYHOCTH W TPUBEIO K psijly BaskHeiimmx oTkpeiThii (cM. 0630p [1]).
ObocHoBanue 3IProJguvecKkoil THMOTe3bl DBoiblMaHa I ONpeesIeHHOTO KJIAacCa CHCTEeM
[2, 3, 4], MOKA3ATENBLCTBO COXpAHEHUS KBA3UMEPUOJUIECKOTO JIBUKEHUS TPU BO3IMYIIEH-
uu MHTErpupyembix cucreM (reopema Kommoroposa-Apuonbaa-Mosepa) [5, 6, 7|, BBeaenune
sarponun Kosamoroposa (8, 9, 10|, noxkossr Cwmeiiia |11, 12] u Y-cucrem Anocosa |7, 13|
CTUMYJIMPOBAJIO PA3BUTHE HOBBIX HAIPABJIEHUN COBPEMEHHONH MAaTEeMATHKH W MaTeMaTHIeCK-
oif (bu3MKM, OTPaKAIONIMX BCIO IIyOUHY 1TPOOJIEM, pacCMATPUBAEMbIX B TEOPUU XAOTUUIECK-
ux Kosebanuit (cm. rtakxke [14, 15, 16, 17]). Takum obpasom, npobieMa mpeacKa3yeMocTy,
IEPBOHAYAJIBHO TOSIBUBIINCH B JOCTATOYHO CJIOKHBIX CHCTEMaX (TaKMX KaK I'HIPOIMHAM-
MYEeCKHe WJIN CHCTeMBl CTATHCTHYECKON MeXaHWKH), cTajia OOIIeil st MHOTMX HalpaBIeHW
COBPEMEHHOI HayKH.

B cBs13u ¢ 9THM B moc/teiHee BpeMsi CTajI0 HHTEHCUBHO PAa3BUBATHLCS HOBOE HAIIPABJIEHNE B
HEeJTMHEHHON JTUHAMIKe, MOCBSIIEeHHOe MpobhJIeMaM IpeICKa3yeMOCTH MOBEIeHN Xa0THIeCK-
X CHCTeM, YIpaBJIeHUsd UX JWHAMHUKOW W BO3MOYKHOCTH TOJABJIeHHs Xaoca. TeopeTndeckue
U SKCIIePUMEHTAJbHBIE PADOTHI B 3TOI 001ACTH BBISIBIIM OJHO HEOXKHJIAHHOE U BMECTE C TeM
3aMedaTeTbHOEe CBOUCTBO XAOTHYECKUX TUHAMHYECKUX CHCTEM: OHU SBJISIOTCSI BeCbMa IMO-
JIATJTUBLIMA U YPE3BBIYAIHO UYBCTBUTEJHHBIMU K BHENTHUM Bo3jeiicTBuaM. [lo-Bummmomy,
IMEHHO 3TO OOCTOSATETHCTBO JIEZKUT B OCHOBE MPOIECCOB CTPYKTYPOOOPA30BAHUS B YKUBBIX
TKaHgX. Pa3BuTue 1100010 KUBOTO OPTaHU3Ma €CTh MOCJIeI0BATETHHOCTH ABTOHOMHBIX aK-
TOB caMoopraHmzanuu. bBiarogaps 3ToMy pa3BHBAONIASCS CTPYKTYPa XapaKTepPU3YeTCs
BO3MOYKHOCTBIO TIEPEUTH B OJHO W3 OYeHb OOIBIIOTO YHCIA JOIYCTUMBIX PABHONPABHBIX CO-
crostauii. Tem He MeHee, IBOTIOMUOHUPYIONIAsT CHCTEMa, BCETIa MPOsIBJISIET TOJIBKO OMpejie ie-
HHYIO (3a/aHHYI0) JHHAMEKY. YIPaBJIEHHe STHM MPOIECCOM MOYKET ObITh OCYIIECTBJEHO €
MOMOIIBHIO CJIA0BIX BO3/IEHCTBUIT, KOTOPHIE U BJIMSIOT HA BHIOOP TOTO WJIM WHOTO KOHKPETHOTO

COCTOAHNA.



Takum o6pazom, ObLTA OOHAPYZKEHA BOZMOXKHOCTD Ynpasaamb TUHAMUKON XaOTHIECKUX
CHCTeM, T.e. TOCPEJICTBOM docmamouro caabvix BO3JEUCTBUI MEPEBOMAUTH TEPBOHAYATHLHO
Xa0THYEeCKHEe CHCTEMBl Ha mpebyemoili TUHAMUYIECKHNA DEKUM W TeM CAMBIM CTaDWIN3-
MPOBATH UX NOBejieHne. Bostee TOro, OBLIO MOKA3aHO, YTO JJI PACTIPEIETIEHHBIX CPeJT BHEITHee
BO3JIeiiCTBUE MPU HEKOTOPBIX YCIOBUAX MPUBOJUT K POXKJIEHUIO CJOXKHBIX TPOCTPAHCTBEHHO
NPOTSKEHHBIX CTPYKTYP C 3aJaHHBIME cBoiicTBamu. llcciaenoBaHus MOKa3asu, 9YTO 3TU pe-
3yJIbTATHl UMEIOT HEMOCPEJICTBEHHOE OTHOIIEHNE KO MHOI'MM O0JIACTSM €CTECTBEHHBIX HayK,
MOCKOJIbKY HA 9TOM IIYTH Y/IaeTCsl HATH MOIX0AbI K TAKUM BazKHBIM M HACYIIHBIM ITPUIOXKE-
HUSIM KakK 00paboTKa (3ammch, KoaupoBanue u pacumdposka) wadopmamun [18, 19, 20],
CKpPbITasi Tepechliika 3ammudpoBaHHbix coobmmennii [21, 22, 23, 24|, npobiema camMoopra-
U3l ¥ UCKYCCTBEHHOE CO3J/IaHNEe KOTE€PEHTHBIX CTPYKTYP B PacHpee/IeHHbIX CUCTEeMax,
00JIaIAIOIINX TPOCTPAHCTBEHHO-BPEMEHHBIM XaocoM |25, 26, 27, 28|, crabuausamnus CHIbHO
HEYIOPsIJIOUeHHBIX COKPAIeHHH cepaednoil Mpimsl 1 gedudbpumisnus [29, 30, 31, 32,
HHZKeHepHst JuHamMudeckux cucreM (33|, u apyrux [34, 35| (cm. takxke o63opsr [36, 37)).
[TousitHO, YTO perieHue jayke YacTH ITUX MPOOJEM, C OJHOW CTOPOHBI, B 3HAYUTEJHLHOI
cTeneHu YrayOsasdeT NOHUMaHUe TPOIECCOB W 3aKOHOMEDHOCTel, JIeKaluX B OCHOBE ITOBe-
JIEHUs] CAMBIX DPA3HOOOPA3HBIX HETUHEHHBIX JUHAMUYECKUX CHCTEM W, C JIPYTOil CTOPOHHI,
NO3BOJISIeT 3HAYUTETHHO MTPOABUHYTHCS B PA3BUTHH TEOPUH HEJTMHEHHBIX KOTeOaHuil KaK CO-
CPEIOTOYEHHBIX TaK W PACIIPE/IETEHHBIX CUCTEM.

[Tox crabmnuzanueil HEYCTONINBOTO HJIM XAOTHIECKOTO MOBEIEHHS OOBIYHO MOJIPA3yM-
eBaeTCsl NCKYCCTBEHHOE CO3JIaHNe B M3ydaeMoil cucreMe ycmoluusoir (KaK MpaBHIO, Mep-
HOJMYECKUX) KOMEOAHUIT TMOCPEJCTBOM BHEIIHUX MYJbTHILTHKATHBHBIX WJIH AJIUTHBHBIX
Bo3jeiicTBuil. MHbIMU coBaMu, JJ1d CTAOWUIU3AlUU HEOOXOAMMO HAWTH TaKWe BHEITHUEe
BO3MYIIEHUsI, KOTOPbIE BBIBE/IM ObI CUCTEMY U3 XaOTHYECKOI'O pekuMma Ha pery/isipubiii. [Ipu
BHEIIHEH MpocToTe (POPMYJIUPOBKH 3TOW MPOOJIEMbI ee peleHue Jjisi psijia JUuHAMUYeCK-
UX CHCTEM OKa3bIBAETCs JOCTATOYHO CJIOXKHOI 3asadeil. Bojee Toro, xors B HacTosiIee
BpEMsI HMeeTCsi DOJIBINoe 9YUCI0 PabOT, MOCBSIIEHHBIX TOMY BOIpocy (cM., Hampumep,
[39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 61, 55, 56, 57, 58, 59, 60|,
IUTHPOBAHHYIO TaM JurTeparypy u ob03opsl [50, 51, 36, 37, 63, 64]|), passurh mocie-
JIOBATEJIbHYIO TEOPHIO U DoJiee MJIM MeHee CTPOro oO60CHOBATH BO3MOYKHOCTH CTAOMJIM3AIHU
Xa0TUYECKOTO MOBEJICHUS YJIAJI0Ch TTOKa TOJIBKO JIJIs JIOCTATOYHO OOIIMX cemelicme JTuHaM-
naeckux cucrem [39, 53, 55, 58, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74|).

Crabunnzanus Xa0THIecKOTro OBeIeHs] MOZKET ObITH OCYINECTBIEHA IBYMS PA3JTHIHBIMA
ciocobamu. [TepBolii n3 HUX ObecieunBaeT BbIBEIEHUE CHCTEMBI U3 Xa0THIECKOTO HA PETYISPHBII
PEeKIM MOCPEJICTBOM BHENTHUX BO3MYIIEHUI, peaJTn30BaHHBIX 6e3 00paTHOil cBsa3u. Ipyruvmu
CJIOBAMH, 3TOT METOJl He YYUTLIBAeT TeKyIlee COCTOSHHe JUHAMUYECKHX ITepeMeHHbBIX
cucteMbl. KadecTBEHHO OTINYHBIII OT JAHHOTO METOJ| PEAJH3yeTcs IOCPEJICTBOM KOPPEeK-
THPYIOMIETO BO3/IEHCTBUS B COOTBETCTBUU C TPpeOYeMbIM 3HAYEHHEM JUHAMUYIECKHUX TepeM-
eHHBIX W, TAKUM 00pa30M, 606.ekxaem OOPATHYIO CBI3b KaK HEOOXOJIUMYIO KOMIIOHEHTY

nuHAMIYecKoit cucteMbl. [lo ycTanoBuBIIEMYyCs COTVIANIEHHUIO MEPBBIA CIIOCO0 CTAOMIN3AINN



Xa0THYECKON TMHAMUKHA HA3BIBACTCS NO00GBACHUEM TaAO0CA WIN KOHTPOJUPOBAaHHEM (HHOIIA
VIpaBJIeHUEeM WJIN PEryJTHPOBAHEEM) XAOTUIECKOH JUHAMHUKE 0Oe3 00paTHOli cBsa3u. Bropoii
Crocob HOCUT HA3BAHUE KOHMPOAUPOSAHUE Taoca ¢ 0bpaTHON cBsi3bio (controlling chaos).
B cBoto ouepennb, peanusalims KaxKJI0TO U3 9THX METOJIOB MOXKET OBITH NMPOBEJIeHa HapaM-
eTPUIECKUM WU CHJIOBBIM CIOCODAMH.

Bsenenne obpaTHON CBSI3W SBJIAETCS ONPEIETeHHBIM ITPEHMYIIECTBOM, IOCKOJBKY B
OOJIBIIIMHCTBE CJIydaeB TaKOil CIIOCOD YIpaB/ieHUsl MPUBOIUT K TpPeOyeMOMy pe3y/IbTaTy:
BHIOpaHHBII 3apaHee CeJJIOBOI MpeIe/IbHBIH UK CTAOMIN3UpyeTcss U, TaKUM 0Opa3oM, HC-
ciemyeMast CHCTeMa BBIBOAMTCS Ha HPEANUCAHHBIN pexkuM ABuzKeHus. OJHAKO 3TOT METO.,
s derTuBeH, eciim TOJIHLKO W300parkarollas TOYKA HAXOAUTCH BOJIM3U BHIOPAHHOIO IHK-
jga. B nporuBHOM Cilydae HEOOXOAMMO HCIOIB30BATH JOMOJHUTEIHHBIE CIIOCOOBI BO3/LIICTB-
ust |75, 76, 77, 78|. B 10 ke Bpemsi, MeToapl Ge3 0OpATHOil CBsI3U He TPeOYIOT BBEIEH-
A MOCTOAHHOTO KOMIIBIOTEPHOI'O C/Ie?KeHUd 3a COCTOAHUEM CHCTEMbI U MeHee IMOABEP2KCHbI
BO3JIEHCTBHSIM [IYMOB, 9TO CYIIECTBEHHO YIPOIIAET UX MCHOJb30BaHNE B MPHJIOKeHHsX [79).

CTa6HJII/13aHI/IH Xa0THUYECKO AUHAMHUKW U yIIpaBJE€HUE NOBEACHUEM DPa3JIMYHbIX CUCTEM
SBJISIETCSI YACTBIO 001IIeit 3a1auu ynpasienus dunamuveckumu cucmemamuy (em. [80] u mpuse-
JIeHHbIe TaM CCBLIKH). DTa mpobjiemMa MOXKeT ObITh peIlleHa Ha OCHOBE HCIIOIb30BAHUS Da-
3JUYHBIX METOJIOB, Hambosiee W3BeCTHBIE U P(MEKTHBHBIE M3 KOTOPLIX IPEJJICTABICHBI B

HacTosdIeil pabore.

2 CucreMbl ¢ BHEITHUMH BO3MYIIIEHUAMMN

B siannO0i#t vacTu paccMaTpUBAIOTCS JIOCTATOYHO OOIIHE CBORCTBA JUHAMUIECKUX CUCTEM, MO/
Bep:KEHHBIX OIpPEIETeHHBIM BHEITHUM BO3JIEHCTBUIMU. DTH CBOWCTBA MO3BOJISIOT CYIIECTBe-
HHO YIIPOCTUTb UX M3YUYEeHHE W BBISIBUTD PAJ BaXKHBIX 0COOEHHOCTEM, MPUCYIIUX ITHPOKOMY
KJIACCY BO3MYIIIEHHBIX HEeJTMHEHHBIX TMOTOKOB M KaCKaI0B.

[TockOTBbKY HEZKe paccCMaTPUBAIOTCA B OCHOBHOM CHCTEMBI ¢ XaOTHUECKHM TOBEIEHUEM,
BBeJIeM IOIMHOYKECTBO A, MHOXKeCTBa JOMYCTHMBIX HapaMeTpuuecKux 3Hadenmii A, A, € A,
TaKoe, YTO 1ph a € A, IMHAMIIECKas cucTeMa (B TOM WM HHOM CMBICTIE, TOYHbIE OMPeJIese-

Hus cM. B [1, 14]) nmposiBisieT XaoTHUeCKue CBOMCTBA.

2.1 MyapTHUINIMKATUBHOE U aJJUTUBHOE BO3MYIIIEHUSI

[IpeAnonoKuM, 9TO PACCMATPUBACTCS IHHAMIYECKAsS CHCTEMA
x = v(x,a), (1)

x = {x,22, ..., T}, v = {v1,09,...,0,}, a € R, x(ty) = Xp, ¢ HEKOTOPBIM BO3MYIIEH-
neM. Ecin takoe BO3MYyIIeHHe PeaJin3yioTcs MOCPEJCTBOM MYJIbTUIIMKATHBHOTO BO3/1€HCTB-
Hd MO OTHOIIEHUIO K JUHAMHUYECKUM IEPpEeMEHHbIM T;, TO I'OBOPAT, 4TO UMeeT MeCTO napam-

empuseckoe (MM MYALMUNAUKGMUGHOE) YIIPABIEHHE, MOCKOJIbKY, KaK IPABUJIO, HapAMETDbI



MYJIbTUILTIKATHBHO BK/IIOYAIOTCA B JUHAMHYECKYIO CHCTeMy. B 3ToM cirydae peryampoBaH-
Me COCTOUT B Takoil mMomudukamun HyHKIUA v B cooTHOImeHnu (1), 4100 HOBas cucTeMa
x = v'(x,d,t) umena 661 Tpebyemoe (BbIOpaHHOE 3apanee) MoBedeHue. 3jech v/ (x,a’,t) =
V(X, ap + al(t)) u mapamerp ai(t) obbraHO siBAseTcs T-nepuoguueckoil dyukmumeit. st
mapaMeTpHYeCKuX BO3MYIICHHUN ¢ 00pammotli 64310 YUUTHIBAETCS TEKyIIee COCTOAHUE
cucremsl, v'(x,a',t) = V(X, a(x(t))), TaK 4TO IapaMeTp d U3MEHSIETCA CIeNUATLHBIM IIyTeM,
U HeoOS3aTe/IbHO TePUOINYECKU.

JIoCTaTOYHO YaCTO B MPHJIOKEHHAX BCTPEYALTCS CUTYALUsd, KOTAA MYJIbTHILIMKATHBHOE
BBEJICHUE BHENIHWX BO3MYIIeHHil B cucreMy HeBo3MoxkHO. Torma daszoswiii notok Ff(x, G)
pasjaraercs Ha JBe COCTABJIAIOIINE: YaCTh, COOTBETCTBYIONLYI0 HEBO3MYIIEHHOMY (Da30BOMY
noroxky, F!(x), u komnonenry F!(G), koropas MHHIMMPYETCS HUCKIIOYHTETHHO BO3MYIICH-
uavn, F'(x,G) = F'(x) + F/(G). B srom cayuae nveer Mecto ajIuTHBHOE BO3MYIIEHME,
Te. V/(x,d,t) = v(x,a) +g(t), rae g(t) obosnavaer Buemee Bo3zaeiicreue. Takum obpasom,
yIpaB/IeHue IUHAMUKON CHCTeMbI HOApasyMeBaeT MPIIOKEeHHe CHI0BONH KOMIOHEHTH K BEK-
TopHoit dpynkumu. ITo3TOMy JaHHBI TUII yIpaBIeHUs NOBEJICHUeM JUHAMUYICCKONH CHCTEeMBbI
HA3BIBACTCA CUAOGHLM. B CBOIO 0Yepelnb, eCIH B CHIOBOM KOHTPOJIE YUUTLIBACTCA 00paTHAS
cBs13b, TO byHKIHUs Vv Moauduupyercss kak v, = v;(x, a) + gp(x;(t)), i =1,2,...,n, 1 <k <
n.

[To pagy mpUYuH IapaMeTpUYeCKUil MEeTOI MMeeT ONpeIeeHHBbIe NPEHMYIeCTBA Hepes
CHJIOBBIM. BO-IepBBIX, B HPHIOKEHUAX K (DU3UICCKHM, XUMHUCCKHM, OHOJOTHMYECKAM U
JIPYTUM BazKHBIM CHCT€MaM 9acTO PACCMATPUBAIOTCA BEIMYUHBI, KOTOPBIE SABJIAIOTCH IIPO-
IOPIUOHATTBHBIMA JUHAMUIECKAM TIepeMeHHbIM ;. [Iist Takux cucrem v (0, ay, ..., ay) = 0, a
IUIIEPIOBEPXHOCTH T; ABISIOTCS HHBAPUAHTHBIMU MHOYXKECTBAME. DTO O3HAYAECT, ITO CUCTEMA
(1) orpazkaer peajbHbIE MPOIECCHl TOJBKO Ha CHMILIEKCe X = {x| x; >0, Zn: x; < const}.
B sToM ciayuae BHeIIHee aJIUTUBHOE BO3JEHCTBHE MOXKET MPUBECTH K TOM;’,_I‘ITO dbazosbre
TPaeKTOPHHI HOKHUIYT MHOZKeCTBO X, mepecekast runepnosepxuocta ©; = 0. [Tostomy cumoBoe
BO3JCHCTBHE YACTO ABIAETCA IPUYMHON BBIPDOKICHUS CHCTEMbl WIM BLIXOJA €€ Ha He-
JKeJaTeIbHBIA pezKuM Bomonun. HanpuMep, 1718 OHOTOrAYeCKAX CHCTEM 3TO O3HAYAET BBIM-
upanue JacTu ocobeil. B To ke BpeMsi, mapaMeTpuuecKoe BO3AeiCTBHe 03HAYACT U3MEHCHHE
PECYpCOB CHCTEMbI U, TAKHM 00pa30M, ABJIACTCA 00JIee TOHKAM B CDABHEHUU C CHJIOBBIM.

Bo-BTOpBIX, CHIOBOE BO3MYILEHHE TOPA3a0 TPyAHEee Peaan30BaTh. Tak, JId XUMHIECKHX
CHCTEM CHJIOBO# KOHTPOJIb IIOJPa3yMeBaeT BBeJeHHe (M COOTBETCTBEHHO yJIAaJIeHUe) JOTOJIH-
UTEILHBIX BEIIECTB; s OMOJOIMYECKHX CHCTeM TaKOi MeTOJ, MOKeT OBbITh peaJn30BaH depes
CTePHIN3ALMIO YaCTH 0COOel MM BBEJICHHEM B COOOIIECTBO JOMOJHUTEILHBIX BUIOB.

C apyroii cTOpOHBI, B IPOTHBONOIOAKHOCTh HAPAMETPHYCCKOMY BO3IEHCTBUIO, CUIOBOIL
MeTOJl, KaK MPABHJIO, MPUBOAUT K TPeOYeMOMY DPe3yJbTATy JJIs IIOYTH BCEX CHCTEM, TOCK-
OJBKY BO MHOIHX CIydasgX €€ eCTeCTBeHHOE MOBEICHHEe MOXKET OBITh OyKBAaJIbHO '"3amaBiie-
HO''BHEIIHEel CHIOI.

OmnuireM OAUH U3 JIABHO M3BECTHBIX PE3YIbTATOB, KACAIONIUHCS CHIOBOIO BO3/IEHCTBUA



[81]. PaceMoTpuM CIIEIYIONIYIO CHCTEMY ypPaBHEHUI

x = A0)x + F(x,0) +cg(0) ,

_ (2)

=1,
3aJlaHHy0 B HeKoTopoil obractu D = Dy X R/TZ, tne Dy C R™ — orpannvenHass, rom-
eomopdHag mapy 00JacTb, cofepzKamasg TOYKYy X = ( U HMeomad LIAIKYI0 TPAHHILY
0Dy, n ¢ — mapamerp. OTHOCHTEIBHO MpaBOil YacTH cucTeMbl (2) OyaeM MpearnoaaraTh
cnenyomee: A(f) u g(0) asnsiorcs T-nepuoguueckumu dynknuamu kjiacca C°, napam-

erp € yaosyerBopsier yciaopuio 0 < ¢ <K 1, u dyukuua F : D — R" umeer Buj
N . n

F(x,0) = ¥ fi(0,x)x%, N € N, A; € Z", A; = (a},...,a"), al >0, |[|4;]| = ¥ a¥ > 2, rne
i=1 k=1

R It
fi(0,x) — T-nepuoanueckue gpyuxuun u kaacca C' no @ u xkinacca C' no x B Dy. B wacrHo-
cru, A(f) n F(x,0) moryr or 6 ne 3aBucerb. B nanpHeiiiem Ham MOHAJI00UTCS MOHSITHE
TpuBKaabHoOro nukjaa Ly B D, kotopeim Hazosem MuozxkecTso 0 X R/TZ.

Temepb MOZKHO TOTYYUTD CIeAYIONHil pe3yabrar (M. [81]): ecau cucrema

y =A@O)y,

_ (3)

=1
B orpanuventoii objactu B : Ll C B rpy6a, To cymecrsyior 3nadenust gy > 0 Takue, 4TO
JIst 0boro & < gy cucrema (2) obaajaer npeienbibiv nukiom LT, ormunsiv or LY (npu
e # 0), npuuem ji1s j11060it okpecrrnocru U D LI : U C D cymecrsyer £, < gy Takoe, 4To st
moboro € < & muka LT C U. Eciu, kpome Toro, L siBisiercs ycroituusbiM jijist cucrembl (3),

TO JIJIST JOCTATOYHO MAJIBIX € 1K LT Byaer acuMIToTHIecKn yeToifanBeIM. TakuM 06pasoM,
0 1

ecJIu IPUHATH, B yacTHocTH, n = 2, F(x,0) = F(x), A(f) = A= —w? 25 ) 5 >0, To
npu € = 0 cucrema (2) onmuchiBaeT HeJIWHeHHbIe KOJeOAHNUS, 3aTyXaloliue B HEKOTOPOH OK-
pecraoctu X = (. B 3T0M C/ly4yae npuBeeHHOE YTBEPKI€HNE TAPAHTUPYET, UYTO MIPH HAJTUIUN
JOCTaTOYHO MaJION BBIHYZKJAIOIICH CU/Ibl B HEKOTOPO! OKPECTHOCTU HavaJla KOOPAUHAT UM-
eIOTCS YCMOoti4Uusble TEPUOIUIECKIE KOTeOAHMSI.

Ha ocHOBaHIE 5THX pe3yIbTATOB €CTECTBEHHO IPeIIIOI0KUTh, 9TO eCTH YIATHO HOI00paTh
JaCTOTY BHEIIHEI'O BO3EHCTBUS HA TAOMUYECKYH CHCTEMY, T0 JarKe MPU JOCTATOIHO MAJBIX
aMILTHTY/IaX TaKoe BO3IeiicTBHe mpuBemeT JOO K Ccmabuau3ayuy HEYyCTORINBBIX ITHKJIOB,
CYIIECTBOBABIINX B HEBO3MYIIEHHON cHCTeMe, JIMOO K POXKJIEHHIO HOBBIX yCMOUYUGHIT TTHK-
70B. DTa mpobiema Oblaa nccaegoBana B paborax [82, 83, 84| (cm. takxke [85]), B KOTOpPBIX
PacCMaTpPUBAJIOCh CUA060€ BO3DYKIEHHE CHCTEM CO CTPAHHBIM aTTpakTopoMm. OIHAKO THII-
0Te3a 0 CTADMIM3AINKE XaOTHIECKUX KOIeOaHuil napamempuyeckum obpa3oM B odbaactu A,
OTBEYAIOIIEil CYIIECTBOBAHUIO TOJHKO XAOTHYECKOrO MOBEJEHUs (TaK ITOOBI MOYKHO GBLIO
FOBOPUTH MMEHHO O N00JABAECHUU Ta0CG) BIEPBbIE YHCICHHO MOJYYNIA TOJATBEDIKICHHE B
nybsmkanusix [86, 88, 87| (cm. rakzke 0630p [69]), rme 6b1 pacemorpen kiacce auddepe-
HIMAJBHBIX yYPABHEHUN C HEMOJMHOMHUAJIBHONW MPaBOil 4acThio. BrocieacTBuu MeToj To-

JnapseHnst xaoca (6e3 o6paTHOl ¢Bsi3n) ObLI aHAIUTHYECKH 0DOCHOBaH B paborax [67, 68|.
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[Tozxke namHOe HaNpaBIeHHe MOTYUINIO MTUPOKOe pacIpocTpaHeHne MocIe N3BECTHOW pa-
6orel Tpynnbl w3 Mapurenga [65, 66|, riae ObLIO MOKA3AHO, YTO MPU MOMOIIU JOCTATOTHO
cTabBIX MapaMeTPpUUeCKUX BO3MYIIEHHH BO3MOXKHO CTAOMIM3MPOBATH MPAKTHIECKH JTIO0O0M
CeJTOBOM MpeIeTbHBIN UK, BJIOXKEHHBIH B XaoTU4YecKuit arrpakTop. IlyOukanus 3Tux pe-
3yJIbTATOB CTUMY/JIAPOBAIA HU3yUYeHHE BOINPOCOB CTAOMIU3AINU XaOTUIECKOIO TMOBEJISHUS U
BBbI3BaJIa, OOJIBINON MHTEpec K BOIpPOCaM YIpaBJIeHHS HEyCTONJIUBBIMHU cucTeMamu. [loss-
njiach Iejas cepus padOT, KaK YUCIEHHBIX, TaK U TEOPETUYECKUX, MOCBAIIEHHBIX HCCIIe-
JOBAHUAM BO3MOXKHOCTH TIOJIABJIEHUS Xa0Ca W MOJYYEeHUs MePUOIUIecKOil Wil ApYyroit Tpe-
OyemMoil JMHAMHUKH B PA3JIMIHBIX CHCTEMAaX W OTOOParKEHHSAX. DTOT Pa3ae/] TEOPHH JIHHAM-
MYeCKOT0 XaoCa B HACTOLAIIee BpeMs MTPOMOIKAeT WHTEHCHUBHO PAa3BUBATHCA: MOABIAIOTCS
HOBBIe PabOTHI (B OCHOBHOM YHCJEHHbIE U SKCIIEPUMEHTAIbHbIE), B KOTOPHIX MPEIIaralnTcs
Jnb0 pas3/IndHbIe YCOBEPINEHCTBOBAHUS YK€ W3BECTHBIX MeTOJ0B, JIMOO WX MPHUI0KEHUS
K HOBBIM KJIaCCaM CHCTEeM, B YACTHOCTH, K PACHPEJEJeHHBIM cucTeMaMm (CM., HampuMmep,
[48, 49, 59, 89, 90, 91, 92, 93, 94, 95| u HpUBOUMBIE TAM CCHIIKH).

2.2 (OOmume cBoiicTBa MEPUOINIECKN BO3MYIIIAEMBIX CUCTEM

[Tpeamonozkum, 9TO paccMaTpuBaeMas CUCTEMa, 3a/1aeTCsd OOBIKHOBEHHBIMHU /i epeHInaIbHbIMA
ypasaenusivu Bua (1). [Ipobiema ynpapieHus ee mOBeJeHHEM 3aKII0YAETCS B TOM, YTOOBI
HAWTH TaKoe BHeITHee Bo3mytnenue (7, mpu KOTOPOM (Da30BbIil MOTOK Ft(x, (), TOPOXK JaeMblit
BO3MYIIIEHHON JMHAMUYECKOH cucremoii X = Vv/(x,a,), crpemuiicss Obl K BBIOPAHHOMY
noamuOkecTBY X (G) ee daszosoro mpocrpancTsa. [logvuokectBo X (G) MokKeT OBITH Kak
ATTPAKTOPOM TaK M HEYCTONYMBLIM MHOYXKecTBOM. B mocnemnem ciydae Bo3mymienus G MoJI-
udunupytor cucremy (1) takum o6pasoM, 9T0 (Ha30Bble TPAEKTOPHU MOAXOJAT K MOIM-
noxkectBy X (G) u ocratorcst B 1ocTaTodHo Masioil ero okpecraocrn U D X (G) nox geiicTs-

nem (. Kak mpaBujio, B IPHJIOKEHUSAX B KadecTBe mojMHOkecTBa X (G) BBIOMpAeTCs MUK
OTIPEIETIEHHOTO MEPUOJIA.

Jlis pa3BUTHS aHAJIUTHIECKOrO MOIXO0Ja paccMOTpuM orobpazkenne 1y, : M — M,
T, :x— f(x,a) , (4)

tnea € A, f={f,...,fu}, x={x1,...,2,}. Onpenenum Bo3mymenne G, neiicTByomiee

Ha MHOXKecTBe mapamerpoB A, G : A — A, kak
G:a—g(a), ac A. (5)

Torna pesybrupyoliee BO3MYIIEHHOE OTOOPaKeHHe MOYKHO 3alUCATh B BUJIE

x — f(x,a) ,
T, : (6)
ar— ga), x€ M, ac A

Jlajiee orpaHUIUMCS TOJIBKO NEPUOIUHECKUMU BOBMYIIEHUsIMA. TOr/1a, aHaIu3upyst oTodpa-

kenne (6), MOKHO OGHAPYZKUTH PsiJ ero HHTepecHbIX cBoiicTs |69, 70, 96, 97|. TIpexk e Bcero
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JIEPKO TOHSITh, YTO MEPUOJ ¢ JTI06Oro MUKJIA MEPHOINYECKH BO3MYIIAeMOro orobpazkenus (4)
OIIPeJIEJIIeTCS U3 COOTHOIEHUs: ¢ = Tk, TJie T — IMePHOJL BOSMYIIEHHUS U k — HOJTOXKATETHHOe
mesoe. JleficTBUTEIBHO, €C/IH BO3MYIIEHHOE 0TOOpazKeHe NMeeT t-TIepUOMIeCcKuil MUK, TO
OC/IEIOBATETHHOCTH KOOPJAMHAT TOYEK, KOTOPBIE ero (POPMHUPYIOT, TAKZKE SABJIAETCS MePUO/I-
nIecKoii ¢ mepuoaoM t. Ho mocienoBaTe IbHOCTh TapaMeTpoB a 10 OMPEIETeHIIO TEPUOITIHA
¢ nepuojom 7. [lostomy Bcerna t = 7k, roe k — nenoe.

31ech, OJHAKO, HEOOXOAMMO CIeIaTh OJHO CYNIECTBEHHOE 3aMedanue. Kcam Crpoek-
THUPOBATH IIOJYYEHHBIH {-TlepuognvecKuii 1uKa Ha mpocrpanctBo M (T.e. mpocro pac-
cMorperh cucreMy (6) Kak HEABTOHOMHYIO), TO BO3MOYKHO MOJIYYUThH IHUKJ, KOTODHI He
MOZKET ObITh HA3BaH IMKJIOM B OOBIYHOM MOHMUMAHHU. [I[pUYmMHA COCTOUT B TOM, YTO TOYKH
IMKJIA, KOTOPBbIE OTJIMYAIOTCS JIPYT OT JpyTra TOJBKO B 3HAYEHHH KOODAMHATHI @ (ecau OHU
CYIIECTBYIOT), CIIPOEKTHPYIOTCS B OJHY M Ty Ke TouKy npocrpancrsa M. [Tosromy m3obpa-
JKaomas TOYKa BO3MYMIEHHOrO OTOOpaskeHust OyJeT MO HECKOJIbKO pa3 MonajgaTh B HeK-
oTopble TOYKHU, (popMuUpYIONIe UK. Hampumep, Jjisi 0JJTHOMEPHBIX OTOOpaxKenuii, n = 1,
B 00IeM Caydae B NPOEKIMU Ha MCXOAHOE nmpocTpancrBo M = [ moayunTes OUKI 1ep-
nojia k7. OgHako B I BO3MOYKHO MOJYYUTDH IUKJI C COBHAJAIONIMMHA T-KOOPJAUHATAME, KO
Ti = T, G F G, © # m, vae (z;,a;) 1 (T, ay) — TOYKK muKIa orobpaxenus (6). B
9TOM CJIyvae Ha KOOPAMHATHOH ocu monyuurcss (P — [) Tovek, rae | — 9HCIO COBNAJIEH-
uit. B wactaoctu, npu P = 2 (7 = 2) BHOJHe BO3MOXKHO B IMPOEKINH HADIIOJATH TOJIHKO
onHy bukcupoBaHHYO TOUKY. s P > 2 BeposATHO NOSABIEeHHE O0/Iee IK30THIECKHUX [THKJIOB.
OnucanHast CATYaldsl, OJHAKO, He SIBJISETCSA CIydaeM OOIIEro MOMOKEHUs, U, KaK MPABHIIO,
BCTPEUYAETCS] TOJHKO MPH CIEUATHHO MOJ0OPAHHBIX BO3MYIIEHUSX.

Beenenne T-muKIndeckoro mpeobpaszoBanus (5) orobpazkenust (4) o3HAYAET, YTO pe-

3yJIbTHPYIOIee oTobpazkeHne (6) MOXKHO 3amucarb Kak
To i x— f(x,a01) =1,

To, : x — f(x,00) =15 |

| T, i x— f(x,0,) = £, .

Beenem B pacemorpenue 7 dyuknuii ciaenyomiero suga: Fy = (£, (...5(f;(x))...)), Fo =

f1(fT(fT_l(...fg(fQ(X))...))), RPN FT = fq——l(fT—Z(---fI(fT(X))---)); rmje x = {1'1, .. .,l‘n} u fz ==
{fi(l), e fi(n)}, F;, = {Fi(l), o F~(n)}, i=1,2,...,7, — n-KoMnoHenTHbIe GpyHKIuu. Takum

)

06pa3oM, Bo3MyIIeHHOe oToOpazkenue (6) MpejcTaBUTCS KAK JeKOMIIO3UIIUST
T : x—F, Th: x—Fy, ..., T,: x+—F,, (8)

JUIsl KOTOPOii HAYa/IbHBIE YCJIOBUS ONPENEISIOTCs CaeayomumM obpasom: x; = f1(Xp), Xy =
fa(x1),..., xr 1 = £ 1(x; 2). Temepp MoxkHO gokazars |70, 97|, 4ro ecian orobpazKeH-

e Ty, 1 < k < 7, nvmeer muks nepuoga t u byukuun fi(X) ABIAIOTCS HeMPEPHIBHBIMA,
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torna orobpaxkenue 1,, p = k + 1 (mod 7), Tak)Ke HMeeT IUKJI TOTO K€ IEPHOAA t.
Ecnu muki otobpazxkenns 1), SBIsAeTCS yCTONIUBEIM, TO MUK/ 0ToOpazkenus 1), Takxke OyaeT
ycroituuBeiM. Bosee Toro, eciu fi, — romeomopdusm, To orodpaxkenusa 1y u T, apagiorca
TOTOJIOTHYECKU SKBUBAJICHTHBIMI.

B camom ziente, momycrum, uro fi,(x), 1 < k < 7 aagerca dynxuueit kracca C° u T, um-
eeT UK meprosa t. ITo O3HAUYACT, UTO CYIIECTBYET Takas TOUKa X, uro Fi(X) = X, Fl(X) #
x, 1 < j < t. Pacemorpum coornomtenne: fi(Fi(x)) = F,(fi(x)), p =k + 1 (mod 7). Torza
fi.(F}) = F(fi). Crenosarensro, mus toukn X u n = t maiizem: F)(fi(X)) = fp(Fj(X)) =
fi(x). Bonee Toro, mpu 1 < j < t mmeer mecro FJ(fi(X)) # fi(X), nockonbky, ecom
FJ(f,(%)) = fi(x), 10 FI(fi (X)) = f,(FL(X)) = £,(X). Ommaxo u3-3a oxHO3HAYTHOCTH bYHK-
umit £, ¢ = 1,...,7, moxkno 3anucarb, 410 fr_1(fi o(. .. f(FL(X)))) = £ 1(f2(. .. £ (X)))
(em. (7)), me. FITH(%) = Fp(X). DT0 NPOTHBOPEUHT MPEITOIOKEHHIO, CACTAHHOMY BHIIIE.
Nueivu ciioBamu, Touka fi (X) siBistercst nepuoandeckoit ¢ nepuogom ¢ aist orodbpazkenust T,.

Ecnn touka X sBisiercs ycTOWYMBON mnepuoguveckoit Toukoit orobpaxkenust Ty, TO

CYIIIECTBYeT Takasi OKpecTHOCTH U O X, 4ro s Jioboit Touku x € U BbloaHseTcs

nh_)rgo Fi"(x) = x. Bemencreue menpepwiBHOCTH byHKImil f), 9TO 0O3Ha9aeT, 4To mpeaen
lim i (Fi"(x)) = lim FI'(fi(x)) = fi.(X). Taxum oGpasom, Bee Toukn u3 okpecrroctn fi (U)
n oo n oo

npurAruBaorcs K Touke fi(X) mox meiicrsuem orobpaenus 1.

OCHOBHO#i CMBICT ONHCAHHOIO MOCTPOEHUS 3AKJII0YAETCSI B TOM, 9YTO HCCJIETOBAHIE
OTOOpPAKEHHsT ¢ MEPHOJUICCKIM BO3MYIIEHHEM MOYKHO CYIIECTBEHHO YIPOCTUTH. Bmecto
HCXOJIHOTO HEABTOHOMHOTO OTOOpazkeHust (6) TOCTATOUHO PACCMOTPETh 00H0 U3 ABTMOHOMHYLE
orobpaxenuii Ty, Ty, . . ., T, onpenensieMoe Boipazkenuem (8). Takum 06pa3oM, BCst IHHAMUKA
HCXOJHOTO oTOOpazkenusi (6) GyIeT 3aJ1aBaThCsA COBOKYIHOCTBIO 0TOOpazkeHuil (8), KoToOpbie
ﬂeﬁCTByIOT HE3aBUCUMO ApPYI' OT ApYyra M CBA3aHbI JIMIIb HaYaJbHBIMU YC/JIOBUAMH. 9TO
CHPABEINBO JJIs 4100020 MHOYKECTBA, JIONYCTUMbIX 3HaUYeHnii A napaMerpa a IUHAMEIECKOH

cucremsl (4) ¢ nepuogmaeckuM Bo3mytienneM (5).

3 praBHeHI/Ie XaoTn4yeCKmMm JnMHaMn4YeCKnmMmMm CucreMamMm

WccnenoBanust mpob/ieMbl yIIPaBIeHASI XaOTUIECKUMHI CUCTeMaM MPH TMOMOIIN TePHOINIeCK-
UX BO3JEHCTBHII MO-BHANMOMY HAYAIUCH ¢ myOaukanuit [86, 88, 87|, riae m3yuanca oTkIuK
nuddepeHnaabHbIX YPaBHEHUT ONPE/IeJIEHHOTO KJIacca Ha MapaMeTpudecKue BO3MYIIEHMSI.
[Tocse nosiBienust padbor [65, 66| n B CBsI3M ¢ MHOTOYMCIEHHBIME TIPHJIOYKEHUSIME 9Ta TPO-
bsemMa crajia MpeMeToM TakzKe W KCIEPUMEHTAJIbHOrO aHasm3a (B KadecTBe 0030pPOB CM.
[36, 37, 50, 51, 63, 64]). Hemuoro nosxe 6p110 nokaszano |61, 98, 99|, uro st mocruzkenust
KOHTPOJIsI Ha/I CUCTEMO MOYKHO MCII0/Ib30BaTh CUJIOBOE PE30HAHCHOE BO3/IeiiCTBHE. XOTs TaK-
oe BO3/elicTBIEe MOXKHO peaJin30BaTh JIAJIEKO He BO BCEX CIydasixX, ero JOCTOMHCTBO COCTOUT

B TOM, YTO OHO IIPpUMEHUMO HE€ TOJBKO K XaOTHUYECKUM CHUCTEeMaM.



3.1 Metoa pe30HAHCHBIX BO30YyKIeHMIt

JLns ynpaB/ieHHs TOBEJICHHEeM XaOTHYeCKHUX JTUHAMUYECKHX CHCTEM B psije paboT OBLIO Ipe-
JITIOZKEHO UCIOJIb30BATH TAK HA3BIBAEMBIE pe3oHanchuie 6030yscdernus [61, 98, 99, 100]|. Dror
METOJ OCHOBAH Ha HAOJIOIEHUH, YTO OJIarogaps HeJTUHEHHBIM MOJOBBIM B3aUMOIEHCTBHIM
MEePUOINIECKN BO30Yy KaeMasi CHCTeMa B TUIHYHOM CAydae He OyJIeT MPOsIBISTH Iepuoi-
MYeCKOro moBeieHusi. [losroMy /7151 pOZKIeHHsT TIPEIMCAHHOTO (T.€. 3apaHee 33 JaHHOI0) Pe-
JKUMa, JIBUZKEHUSI TTPEJICTABJISETCS eCTeCTBEHHBIM BO3MYIIATH CUCTEMY CIeluaJIbHbIM 00pa-
3oMm. CJiejioBaTeIbHO, OCHOBHYIO POJIb B JAHHOM METOJIe UTPAET JIONYINEeHne, 9TO YPaBHEHUe
JIBUKEHUsI, HA KOTOPOE BBIXOJAUT CUCTEMa TOC/Ie BBEJIEHUSA BO3MYIIEHHS 3apaHee W3BECTHO.
Jlist jocTuKeHusi BO3MOYKHOCTH KOHTPOJISI MOCPEJACTBOM PE30HAHCHBIX BO30YXKIEHUI B
JIMHAMUYECKYIO0 CUCTEeMY, HaXOJSIIYIOCs B XaOTHYECKOM pexKuMme, HeoOXOIMMO a/IIMTUBHO

BKJIIOUNTH BHelHee Bo3Myluenue F(t):
x =v(x,a) + F(t) . (9)

Hanee, nmyctb TpebyeMasi quHaMuKa 3aaercst byHKuei y(t), Koropas yI0BIeTBOPseT Tak

Ha3bIBA€MOMY YPaBHEHUIO IIPEANNCAHHOIO ABU2KEHU,

y=g(y) - (10)

Tenepb, BbiOUpast Bo3Mylnenune B Bujge F = g(y(t)) - v(y(t), a) u nojcrasisig ero B (9),

IIOJIY9UM ypaBHEHHE€ KOHTPOJITUPOBaAHUA:

x =v(x,a) +g(y) —v(y.a). (11)

Takum 06pa3oM, €C/IM YCTPEMHUTb X — Y IIPU ¢ — 00, TO B KOHEIHOM CYeTe JUHAMUKA Oy1eT
npescrasieHa ypasaenuem (10).

Ornuaure/IbHONR 9epTOil MeTO/a YIPaBJEHUs] TPHU MOMOIIN PE30HAHCHBIX BO30YK/I1EH-
uii gaBJdgeTCd TO (baKT, qTO €ero MnmpakKTU4YeCKOoe IIpUMEHEHHue HeE OI'PaHUuYUuBaeTCA TOJIBKO
Xa0THYECKUMH CHCTeMaMi (9TO HeJb3sl CKa3aTh O MEeTOJe I'peGomxn-Orra-Ilopka, cm. Hi-
xke). B 1o ke Bpemsi zaomuueckue cucteMbl (B HEKOTOPDOM JIMANa30He HAYAJIBHBIX YCIOB-
Wil) JeficTBUTEIbHO MOYKHO "3acTaBuTh"BecTn cebsi mpeanucaHubiM obpazoM. OgHAKO 5TO
BO3MOKHO JAJEKO HE BCErJa, M CYIIECTBYIOT HAvaJIbHBIE YCIOBUS, JJIsi KOTOPHIX IMOBEICH-
ne He Oyzer 3amaBarbes dbynkuumeir y(t). Kpome Toro, sror mMerom KOHTPOJIS CHIBHO 3aB-
HCUT OT 3HAHUS JUHAMHUKH CHCTEMbBI, W MaJble OmubKu B Mojgenun (9) MOTYT pacTu BCie-
ncreue Bosmymenns F(t) [100]. Tem He MeHee, HETPYIHO ONPEIETEHHBIM CIIOCOOOM YC-
OBepIeHCTBOBaThL KoHTposupoBanue (9)—(11). Dro npuseger K Gosbireil 3ddekTuBHOCTH

HCIIOTb30BAHUS METO/Ia Pe30HAHCHBIX BO30OYKIeHuil [56].

3.2 Merox I'pe6omxu-Orra-Mopka

WspecTHblit mapamerpudeckuii memod ¢ obpammoti c64A3bt0, TPEIAIOKEHHbIH B paboTax

[65, 66] u moay9aMBIIKiT MUPOKOE MPOJOIZKEHHE BO MHOIHX JAPYTHX MyOIMKAIUSAX (CCHLIKH
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eMm. B [36, 37, 43, 45, 50, 51, 63, 64]), OCHOBBIBAETCS HA MPEJNOTIOKEHUHN, UTO TAPAMETPHI
@; CHCTeMBI MOTYT ObITh MPeoOpa30BaHbI B HesiBHBIE (3aBucsiyue OT X) (bYHKIUN BPEMEHU.
Ecnun m3obpazkaromas Touka HAXOJUTCA B MaJIOH OKPECTHOCTH HEYCTONYIMBOIO IMOIOXKEHUS
PaBHOBECHUS WK HEYCTOINYINBOrO MpeeIbHOrO IMUKJIA, TO MAJTBIMI U3MEHEHUAME IapaMeTpOB
MOZKHO JOOUTHCSI, YTOOBI OHA 3Ty OKPECTHOCTH He TMOKHIa1a. B caydae XaoTHIECKOTro aTTpaK-
TOpa TeM 2Ke CIIOCOOOM MOYKHO 3aCTaBUTH cucTeMy 'paboTaTh'mpakTHIecKH Ha JTOOOM IIpe-
JIEJIbHOM IUKJI€, BJIOXKEHHOM B TaKOW aTTPaKTOP.

JotycTtum, 9TO B OKPECTHOCTH HEYCTORYUBOTO MPEJIEIHHOIO UK/, KOTOPBIA HYZKHO CTa-
OWIIM3MpPOBaTh, CHCTeMa 3ajaercs orobpazkenmem [lyankape x,.1 = f(x,,a). g sroro
oToOpazKeHusl MpeaeabHbI UK Oy/1eT TPeICTaBIIThCS HEYCTOWINBOW HEIOABUKHON TOUK-
oif x*. (s CI0KHOrO IUKJA, MMEMIIEro HECKOJIbKO ODOPOTOB, PACCMATPHBAETCS CO-
OTBETCTBYIOIAsT WTepalysi oTobpazkenus). B okpectHocTH X* 17151 3HAYeHHil mapamerpa a,

OJIM3KUX K BHIODAHHOMY (g MOBEJ/IEHHE OTOOpaYKeHUsl JAeTCs JIMHEHHBIM TPeodpa3oBaHueM
* A * ».
X1 — X = A(x, —X") + Bla — ap) , (12)

rae A — k-mepuas marpuna SIkoGu, B — k-mepmbiit BekTop-croGen, A = of /ox|, _., B=
of /0al

TO, ONpeJeNssl X, 4depe3 JuHeiiHoe orobpazkenune (12), MOXKHO 3aJaTh MOIXOASIIIEE MaJIOe

- B34dTbI€ B TOYKE a4 = Q. Ecan or UTepalun K uTepaluu nmnapamMeTrp a usMeHndeTcs,
OTKJIOHEHHE B 3HAYCHUU ¢ OT HOMHHAJIHBHOI'O Q. B smneitnom HpI/I6HI/I}KeHI/II/I 9TO U3MEHCHHUE

rnapamMeTpa MOXKHO 3allUCATh B BUIE

rT *
an —ay = —L" (x, —x") ,
rne L — k-mepHbIit BekTOp-cTOM0En W 1 o3HavaeT omepainuio TpaHcnonupoBanus. Cire-

JoBaTenbho, u3 (12) maxoaum, 4To
0Xpi1 = (fl — BiT) 0Xy,

e 0x, = X, — x*. Takum 06pa3oM, HEMOABUKHASA TOUKA X* OyAeT cTaOMIN3NPOBAHA, €CITH
OIIPEeIe/INTh L TakK, 9TOOBI MATPHIA (121 — EﬁT) nMeJia cOOCTBEHHBbIE 3HAYEHUSA 110 MOJLYJIIO
MEHbBIIE €JIMHUIIBI.

OdeBuaHO, BO3MYIIEHHE TMapaMerpa ¢ BOIN3U €ro HOMHHAJIBHOIO 3HAUYEHUsT He JOJIZKHO
OBITH CAUMIKOM OOIBIMHM. MaKCHMAJIBHO JOMYCTHMOE OTKJIOHEHHUE 0yay JAETCS BbIPAKEH-

ueM 0lpmayx > ‘f)T(xn — x*)

PaCCMOTpI/IM noBeJeHnue nCXoaHoro OTO6pa)KeHHH IIpu MaJiIOM OTKJIOHEHHUHW YITPABJJIAIOUIETO
mapamerpa, —a’ < a < da'. Ilycrs |A\] < 1 m |\ | > 1 — cobcrBenHble 3HAUEHUS, CO-
OTBETCTBYIOIIIHE YCTOﬁqHBOMy n HeyCTOI?'I‘{I/IBOMy HallpaBJICHUAM Ha HOBEPXHOCTU CEYCHUA
B TOYKEe X*, a €5 U €, — COOCTBEHHbIE BEKTOPBI, OTBEYAIONINE ITUM HalpaBjeHusM. Ecian
OTKJIOHUTH IIapaMerp @ OT ero HOMHHAJBLHOIO 3HAYEHUs ¢y He HEKOTOPYIO BeJUYUHY, 4 = d,

a € (—d,d'), To moNOXKeHWe HEMOJBUKHON TOUYKH OKAYKETCS CMEMIEHHBIM B HEKOTOPYIO
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Japyryto Touky x*(a). JIag Manbix OTKIOHeHuit (@ — @) HOBOE MOJIOKEHUE OIMPEJIessieTcsl CO-

OTHOIIIEHUuEM a
k
1
@) L@
a

oa

Bosimsu x* MOXKHO HCIIOTB30BATDH JIMHEiTHOe MpHOINZKeHne:

g

a=ap

~

Xpi1 — X (a) ~ A(xn — x*(a)) )
Torna, yanrsiBas, 9ro X*(a) ~ ag,

Xn+1 = Gng + ()‘ueuqu + )\sesqs)(xn - ang) )

r7e BEKTOPHI (, U (s ONPEJeISIOTCS U3 COOTHONEeHui (se; = qu.e, = 1, qs€, = qu.€s = 0.
CrepoBarenbHo, G, = an(X,). Jaga x, — X* Heobxomaumo, 9Tobbl X, MOYTH MOMAJA HA
ycroitunBoe MHOroobpasue Touku X*. [Toaromy BoiOMpaercs a, Tak, 9To q,X,+; = 0. Tenepn,
eCTU X,y TMONAJO HA YCTOWYMBOE MHOTOOOpasme, TO BO3MYIIeHHe ycTpemigercd K 0, u
MOTOMY TPAaEKTOPHUs Telephb OyaeT MPUTITHBAThCA K HEMOJABUKHON TOUKEe X* €O CKOPOCTHIO,

ompeesgeMoil BeuanHoi Ag. Takum odbpasomM,

_i(anu)
fin = >\u—1 (gqu) . (13)

Korma a > d', to, nonyckass gq, # 0, Haxoaum, 4910 a, # 0, TOJIBKO €CIH X, MONa-
naer B 00macTh |x,q,| < x'. Cmemosaremsno, x' = d'|[(1 — A, ')gq,| Takmm obpaszom,
JUIS MAJIBIX @' THIIMYIHOE HAvaIhbHOE YCJIOBHE MCXOJHOIO OTOOPAYKEHUs POKIACT XaOTHIECK-
VIO TPAeKTOPHUIO, KAYECTBEHHO HE OTJUYAIONLYIOCS OT HEKOHTPOJUPYEMOTO CJIydasi 0 TeX
nop, TMoKa X, He MomajeT B 3Ty 00/acTh. OHAKO, BCIEJICTBHE HEYUTEHHBIX B COOTHOIIEH-
nn (13) vesmueitHOCTEl, JazKe B 9TOM CJlydae TPAeKTOPHUsI He BCErja MOYKeT ObITh yBJIedeHa
BO3MYIIEHUEM U JOCTATOYHO OJU3KO MOJOWTH K TOYKE X*, YTOOBI yrpaBjeHune ObLIO JOCTH-
xwumo. CpesiHee BpeMst TaKOTO MePexoHOTo mporecca gaetcst cootHomennem (1) ~ (a')7P,
rae B =1+In|\,|/(2In]A]7).

[Tponeiypa crabuin3anuy HEyCTORYUBBIX IUKJIOB SABJIsieTCs 3(PHEeKTUBHOI, KOTja TpaeK-
Topusd OnM3Ka K HyKHOMY Iukiay. Ho ecim oma mpoxXomguT Baaaum oT TpedyeMOro TOJIOoKe-
HUS, TO MOXKET TPOUTH JIOCTATOYHO JOITrOe BpeMs, MpexKje YeM KOHTPOJUDPOBAHUE OKa-
JKeTcsT BO3MOXKHBIM. Ecam aTTpakTop 3proamdecKuii, TO MPAKTUYECKU JI0OAsS OKPECTHO-
CThb OKA3bIBaeTCHA MOCTHKUMOI. OJHAKO KOT/a aTTPAKTOP CHCTEMBbI He IPTOJAMYEeCKUil u,
HANPUMED, BKJIIOYAET YCTONIHUBbIE TIPEIENbHBIE [UKIIbI (T.€. sIBJISETCS KBA3HATTPAKTOPOM ),
TO 3TOT METOJT MOXKeT OBITh MPUMEHEH TOJTHKO JIJIs CTAOMIH3AINN HEeKOMOoPyLT TPAEKTOPHIA.
J1g mpeomoNenns 3TUX TPYIHOCTeH ObIIO MPeIOXKEHO HCIOIb30BATh PA3IUIHBIE MIPOIe-
aypel [75, 76, 77, 78, 101|, mo3BosuBIINe MO-HOBOMY MOAONTH K HpobJeMe CTabuIH3ainuu
HEYCTOWYMBBIX MHUKJIOB, & TaKxKe pa3paboTarh Jpyrue OJU3KHE 1O PeaTu3allid CIOCOOBI
KOHTDOJISI XaOTHIeCKUX JNHAMUYeckux cucreM |44, 45, 48, 58, 63, 92, 89, 102|.

XoTst 9TH METOJBl MOTYT OBITh HCHOJB30BAHBI JOCTATOYHO IMHPOKO (0T crabuin3aiun

noBeJaceHuA CUCTEM XUMUYIECKON KNHETUKH A0 YVIIpaBJieHnd COKPpalleHUuAMU Cepﬂe‘{HOf/'I MBI BI
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[22, 30, 35, 43, 62, 79, 93, 103, 104, 105, 106], 0630pbl MO FKCIEPUMEHTATBHBIM PE3YTbTATAM
cM. B craThax |63, 64]), OCHOBHOI MX HEJIOCTATOK CBOAUTCSA K TOMY, YTO, IIPUMEHsIS UX HA
IpaKTHKe, HeOOXOINMO He TOMBKO KazKIblil pa3 3a1aBaTh No.A0CEeHUe H300PAKAIOIIEH TOTKH
(4TO He Bcerja BO3MOYKHO), HO M YUUTBIBATH YPOGEHD ULYMA, TIOCKOIBKY OHH OKA3BIBAIOTCS
BEChbMa MOJATIUBLL K BIUSHUIO MIYMOBBIX (akTopos [79]. Kpome Toro, onucanubie MeTO/bI
SIBJIAIOTCS CUAOBBLM, U CIIETOBATETHLHO JTATEKO He BCeraa MpUMeHHMbI. UT0o0b n36eKaTh ITHX
TPYAHOCTEH, HYKHO UCKAIO%UMb OOPATHYIO CBSA3b, T.e. PACCMOTPETH YUCMO MYALMUNAUK-

amueHoe BO31elicTBHE.

4 TlomaBaeHue xaoca

JlaHHBIT TOAXOM K MpoOJeMe YIPaBJICHHIO XAOTHUECKHMH JUHAMHYIECKHMU CHCTEMaMU
BIIepBbIe ObLIT onucal B paborax [86, 88, 87|, rye 1yist cTabuIM3AUA XAOTUIECKOTO MOBEIeHST
OBLIIO MPE/IJTO?KEHO UCIIOIB30BATH IIPOCTOE MEPUOTUIECKOE BOSMYIIEHUE 8 004aCMU 3HaueHUul
napamempos A., 0meeuauuT Cyu,ecmsosaHUI0 Ta0ca. JTOT MOIXO/ MOy INT AHATHTHIECK-
oe 00OCHOBaHME B Psijie MOCIeyonmx mybmkammii |25, 28, 67, 68, 69, 96, 70, 107, 108, 109).
Ceitqac sToT MeToJ yaaaock 06obuuTh (24, 71, 72, 73|, Tak 4T0 €ro MCHOIB30BAHUE JAET
BO3MOZ2KHOCTBH H€ TOJIBKO IMOAaBJIATH Xa0C, HO U CTa6HJIPI3HpOBaTb 3apaHee 3a/JaHHble ITUKJIBI,

T.e. Yynpasaams cucmemoti (cM. TaaBy b).

4.1 IIapamerpudeckoe BO30Yy2KJIeHHUE

Uccnenyem cHava a TUHAMHUYECKHE CHCTEMbBI, KOTOpbIe He 00JIa/Ial0T XaOTHIECKHM IOBejIe-
HAEeM, HO B TO K€ BPeMS He UMeom HeTPUBUAJIBHBIX YCTONYHMBHIX IMUKIOB. B KoHTekcTe
MOJIAB/IEHHST Xa0ca MPodeMa CO3JaHUs YCTOWUMBON JUHAMUKH JJIsI TAKHX CHCTEM MOKET
OBITH pacCMOTpPeHa KakK IpeaBapUTEeNbHbINH TIar K MOCTPOEHUIO MOC/Ie10BATEJILHON Teopun
CcTaOMJIN3AINN Xa0TUIECKOTO TTOBEIEHUSI JJIsi TIOTOKOB.

Paccemorpum jBa auddepennualibHbIX YypaBHEHUS BTOPOTO TOPSIJIKA:

4o = e x4(1+2a)—é(1—a) (14)

i+x=—ei(r* +ar+1) (15)

B obsnactu Dy, e Dy uMeer TOT ¥Ke CMBICA, 9TO U B cucreMme (2), &€ U a — TapamMerphl.
Byzem nmomarath, 9TO BeJMUYNHA £ ABJIseTCst 1ocTaToqHo Masoii, 0 < & < 1. Cucremsr (14) u
(15) 9SKBUBAJIEHTHBI yPABHEHUSIM BAHIEPIOJIEBCKOTO THIIA, KOTOPbIE YACTO UCHONB3YIOTCS KaK
MaTeMaTHYECKHEe MOJIEN PA3JINIHBIX pagnodu3ndeckux remeparopos [85, 110, 111, 112].
OcranoBumcs cHadasa Ha cucreme (14). Crpykrypa ee (ha3oBOro mpoCTpaHCTBa, KOTOPYIO
MOYKHO YCTaHOBHUTD, MOJTb3YICh METOIOM yCpeTHeHus, BAsdeTcsa HecaoKHoi. VIMenHo,

a) [Ipn a < —1/2 cucrema (14) nmeer oauu ycroiiausblii hokyc.
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6) [Ipu a € (—1/2,1) cucrema (14) obramaer yeroitauBbiM (HOKYCOM W HEYCTORIUBBIM MpPe-
JEeTBHBIM UK/IOM. 3aMETHM, 9TO B HYJEBOM 10 £ TPHOIHKEHUH IPEIeTbHBINA UK UMeeT
pamayc R = [(1—a)/(1+2a)]'/*, u mosToMy mpu @ 6IM3KEX K 3HAYEHHIO —1 /2, UK MOKeT
He JIeXKATh B OrpaHndeHHoii obaactu Dy.

B) [Ipn a > 1 cucrema (14) numeer TOTBKO OJNH HEYCTORIHBBI (BOKYC.

Takum 06pa30M, HH MPU KAKUX OrPAHUYEHHBIX 3HaUYeHusAX a cucreMa (14) me obaamaer
YCTOHUMBBIMU TIPeebHbIME [uKAamu. OHaKO HuzKe Oy/eT MOKA3aHO, Y4TO NPH ONpeIese-
HHBIX M3MEHEHHSX TapaMeTPa ¢ B JIAHHON CHCTEMe BO3HUKAIOT YCmoliuueie IePuouIecKue
KOJIe0aHNsI, AMILIUTY/IA KOTOPHIX HE CTPEMUTCH K HyJo npu £ — 0.

Beenem nepuopndeckoe BosMyiierne nepuofa 1’ = 27 /w cienyomum obpasom:

=y,
. \ 1
y=cyl|z (1+2h,cos2w7')—g(l—hcos2w7) -z, (16)
F=1,
rae h — ammurysa sosmymennii, w = 1/(1 + ne)'/? u n > 0 saBaserca mocTosHHO#
BeJManHON. Ypasuenusi (16) onpesesensl B orpanmdentoii obmactu D = Dy x R/TZ,

cozepxkaiieit Hadaso koopaunat u Dy C R™. Tenepb, mocpegcTBoM 3aMeHbl HEPEMEHHBIX
6 = wr, x = beos(p+0) upu ycrosuu (db/df) cos(p+0) — (de/dh)bsin(p+6) = 0, npuxomum
K CHCTeMe YpaBHEeHUi i b U ¢, yCpeiHsst KOTOPYIO 3a BpeMsi 1’ i OCTaBJisisi TOJBKO LIeHbBI

IIEPBOTO MOPSIJIKA 0 £ (MHBIMU CJIOBAMHE, TIEPEXO/ist K MPUCOEIUHEHHON CHCTEME), TIOTYIHM

db b h
i eB(b,¢) = 5E(b4 —1)(1+ 5 cos 2¢) ,
(17)
d h
d_g =e®(b,p) =¢ lg + 5(564 +1)sin2¢p
X0opolIo U3BECTHO, UTO CTAIMOHAPHBIE DeIeHus by, ©o TAKOIl CHCTEMBI, T.e.

B(bo, go) = ®(bo, o) =0,

(B, d) (18)

a b % 0 Y

( ’90) b=bo, p=¢o

OTBEYAIOT TPEIETbHBIM IMUKJIAM CHCTeMbl (16) B HYJI€BOM MOPSIIKE TEOPHH BO3MYIIEH-
Wil, yCTOWYMBOCTH KOTOPBIX COBIAJAET C yCTOW4IMBOCTBHIO perenuii (18). Kpowme Ttoro,
oudyprannonusie 3HadeHust napamerpa h B (17) ¢ mounocrbio 10 O(£) COBIATAIOT ¢ CO-
OTBETCTBYIONUMHE 3HAYEHHUSIMHA Jist cucteMbl (16).

Jlerko BuIeTh, 9T0 cucreMa (18), KpoMe peleHusi OTBEYAIONEro TPUBUAILHOMY ITHKJTY
LT, nveer eme Tpu mapwer permenmii:

a) b=1, sin2p = —8n/3h, cos2¢ > 0;

6) b=1, sin2p = —8n/3h, cos2p < 0;
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B) b = (16n(h' — 4) /2 — 1) /5, cos2p = —2/h, sin2p < 0.

Takum 0O6pa3zoM, aHATUTAYECKH MOYKHO YCTAHOBUTH KaUYeCTBEHHBbIE NU3MEHEHWS B JIIMHAM-
UKe CHCTEeMBl TPH YBEJTMYeHHH AMILTHTYIbI Bo3Mytnenuit h. [Ipm 3TOoM 3BOTIONUIO CTPYK-
TYphl pasbuenus (GazoBoro mpocrpancrBa cucreMmbl (16) Ha TpaeKTOPUH NPU W3MEHEHUU
AMILTATY/IBI h JIETKO MOHATH, MOJb3ysach oToOpakenmeMm llyamkape 7 = 0. Takoii anmamu3
OPUBOJIUT K CJIETYIOTIEMY.

1) Tlpu h = 0 B cucreme (16) uMeeTcst TPUBHAJILHBINA YCTORUUBBIN TIpeIeabHbI UK LY
w HeycroitunBeii naBapmanTHeii Top Tor’. TIpnm m3menennn mapamverpa h pasMephbl 3TOTO
TOPa MEHSIIOTCS TOJBKO HA BEJIUYHHBI IIEPBOIO MOPsi/IKa I10 €.

2) Mpu h € (0, min(2,87/3)) na Tope Tor’ MOryT BOZHUKATH CEJIOBbIE W HEYCTONUMBLIC
npeJie/ibHbie MUKJIbI epruoIoB, Ooabmux 1.

3) Eciiu h = hy = 2+40(D) (Besmunna 6(D) > 0 BBeigHA B CBSI3U ¢ KOHEIHOCTHIO 00J1aCTH
Dy), To, kpome LI u Tor?, B obaacTi D mMeeTcst elne Ba yCTORYUBBIX MPEIETbHBIX KA
LT u LT nepuonos T. C pocrom napamerpa h mukast L1 u LI monoronno crarusatorcs
uukay L]

4) Tlpu h = hy = 81n/3 ma Tope Tor? poskmafoTcsa JBe mapel IUK/IOB mepuoma 1 1Ba
cennoseix, LY u LT u npa meycroituuseix, L u L. 3amerum, uto ecmu n > 3/4, o cayuan
3) 1 4) HEOOXOTUMO MOMEHSITh MECTAMH.

5) Korma h = hy = 2[1 + (477/3)2]1/2, TO MPOMCXOJUT BJIUNAHUE YCTOHIUBBIX MUKIOB LT
u LI B cemnosuie LY u LT coorsercrrenno, ¢ mepenadeit um cpoeit ycroitanpocru. Camu ke
nukael LT u LY cranosarca ceamobivu.

6) Ilpu h = hy = 2[1+ (877)2]1/2 unkasl LT w LT saunaror B tpusmanbmbii nuka L
JIesIas ero CeJIJTIOBLIM.

7) B ciyqae h > hy B cucreme (16) cymecrsyer ceatosoit nuka LY yerofransbie muk/abt
LY w LT, u neycroituusbie nukan L u LY.

Takum 0O6pa3oM, HCHOIB3YS METOJ MapaMEeTPHYECKHX BO3MYIIEHUl, MOKHO MOJYIHTH
yemotinusoie peebabie UKL B cucreme (14). Ho u3-3a npucyrcrBust HeyCTORYNBBIX Mpe-
JEJIBHBIX THKJIOB 00/1acThio mpuTsizkenus L1 n L] asnserca we Bes obtacts D.

Pacemorpum Tenepn cucremy (15). Temn ke Merogamu JIerko yCTAHOBHTH, 9TO JIJIsi
JIIOOOTO OrPAHMYEHHOTO 3HAYEHUS ITapaMeTpa @ OHA UMEET TOJIHLKO €JIMHCTBEHHbBIN yCTOWIU BB
dboxyc. Brojs napamerputueckoe BO3MyIIeHNE, MOZKHO YCTAHOBUTD, YTO B ITOI cUCTEME TPUB-
uasibHbl Uk LY Beerga ycroiiuus, u npu 3navenusx h? < h? = [1 +(1+ 772)1/2] JIPYTHUX
TpaeKTopuit ona He uMmeeT. I1pu h? = h? B cucreme (15) npoucxoauT 6GudypKalys pozK IeHus
Tpex map HpeebHbIX MUKIOB: TPeX YCTOWYMBBIX W TpexX ceJoBbIX. B ceuennn [lyankape
IJI0CKOCTBIO T = () 9TO BBIVIAIUT KaK IMOSIBIEHHE TPEX CeJIO-Y370B, KayK/IbIil U3 KOTOPBIX
3aTeM PacHaJiaeTcs Ha Ce/JI0 U YCTONYUBLIi y3es. PaccTosguue p oT HUX 10 HaYaIa KOODPII-

NHAT BBIYUCIAETCAd KaK

,  h*—8— /AT —16h% — 641

p. = 9 +O(6)7
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h? — 8 + v/h* — 1602 — 6412
p> = v 5 d + O(e).

CnenosaTenvho, mpu h > hy B cucreme (15) BMecTe ¢ TpuBHaabHBIM LY cymiecTByeT deTwipe

YCTORYIUBBIX TIPEJIETbHBIX UK/IA.

Bameyanme 1. B cuy mpuCyTCTBHS MAaJjIOro IMapaMerpa €, U3 IMOJYyIeHHBIX Pe3yIbTaToB
CJIEJIyeT, 9TO YeM OJINKE MOJY/Ib MYJIbTHILTHKATOPA HEYCTOWYNBOrO MpeIeTbHOrO MUKIa K 1,
TEeM MOYKET OBITh MEHBIIe M0 AMILTUTY/e HapaMeTpHIecKoe BO3IeHCTBHe, KOTOPOe HeOOXOI-
MO MPUJIOKUTH K CHCTEME IS POXKJICHHUS YCTONUIMBBIX MPeIeTbHBIX MUKIOB.

Bameyanne 2. AHAJTOTUIHBIN M3T0KEHHBIM BBIIIE PE3YJIbTAT JIETKO IMOJYYUTh JIJIs OIpe-
JIQJIEHHBIX CHCTEM 410007 pasmeprocTr. Hanpumep, a1 cucTem, nNpeacTaBuMbIX KakK MPAMOe
npoussesenne (14) wim (15) u ypasuennii tuna z = Wz, rie W — marpuia, uMeronas
COOCTBEHHDIE 3HAYEHUS C OTPULIATEILHBIMI JefCTBUTEILHBIMU YACTAMHU, CYIIECTBYET NapaM-
eTPUIECKOe BO3MYIICHHE, IPUBO/SIIEE K MOSBICHUIO YCMOUMUGHT TIEPUOIUUECKUX JIBUZKEH-
nii.

Bameuanne 3. Eciu ¢ — 0, To paccrosinue p #e crpemutcss K (. DT0 03HAYAET, ITO 15T
JIOCTATOYHO MAaJIbIX £ YCTOWYMBbBIE NEPUOAUUECKNE PEIICHUS UMEIOT KOHEeYHYH0 aMILINTYLY.

Takum 00pa3oM, I ONPEJEJEHHOTO KIACCa JMHAMUIECKUX CUCTEM, KOTOPBIE B aBTOHOM-
HOM Caydae He 00JIaJaioT yCTOWYMBOW JMHAMUKOlN, BO3MOXKHO HAafTH mapaMeTpuvecKue
BO3MYIIEHNUsI, BHIBOJIAIIEE X HA PEXKUM YCTOWUUBBIX MEPUOTMICCKUX KOTeOAHMUIA.

st 060CHOBAHUST BO3BMOXKHOCTH N0JGGACHUA TGOCG PACCMOTPHUM JBA CEeMEHCTBA OJHOM-
epPHBIX YHUMOJAJIBHBIX OTOOPasKeHUit: ceMelicTBO KBaIpaTHIHbIX oToOpazkenuii, T, : [0, 1] —
[0; 1], 9ACTHBIM CJIydaeM KOTOPOTO SBJSIETCS XOPOIIO W3BECTHOE JIOTHCTHIECKOE 0TOOPAKEeH-
ue,

Ty :x— p(x,a) =ax(l —x), (19)

rie a € (0,4] = A, u cemeiicTBO IKCIOHEHIUAIBHBIX OTOOpazkenuit, T, : [ — I,
To: x— x(x,a) = aexpla(l — z)] , (20)

rae a # 0. 9Tu ceMeiicTBa MUPOKO UCIOML3YIOTCA KaK MOJENN MHOTUX (DU3HUYECKHX, XUM-
MYeCKUX M JPYTAX CHCTEM M II03TOMY HPHUBJIEKAIOT OOIBLIIOE BHUMAHHE HCCIEI0BATENei
(em., manpumep, [7, 85, 113, 114, 115, 116, 117]). Tak, orobpazkenue (20) ecTecTBEHHBIM
06pa30M BOBHUKAET IPH MCCIEJOBAHUE DAL KomebaTebHBIX XUMUUECKUX peakimii. Boee
TOrO, J060€ YHUMOJATBHOE OTOOPAKEHHE ABJSETCA IIOJYCONPSIKEHHBIM KBAPATUIHOMY, 1
03TOMYy ceMeiicTBO (19) urpaer BaskKHYIO POJIb B T€OPUH YHUMOJAIbHBIX OTOOPaZKEHUIA.
JIsist TOro, 9To6BI I0KA3aTh, YTO XA0TUIECKOE MOBEJICHHE, IPOABIAEMOe OTOOPAKEHUIME
(19) u (20) BO3MOXKHO CTAOMJIM3NPOBATH TAPAMETPHYECKHM BO3/EfCTBHEM, KaXKIOMY IMep-
HOMYECKOMY BO3MYIIEHHIO MEPUOJIa T mapamerpa a, a;+1 = g(a;), i =1,2,...,7 =1, a; =
gar), a; # aj g i # j (a; € A, @ = 1,2,...,7), HOCTAaBEM B COOTBETCTBHE BEKTOD

a = (ai,...,a;) u3 npocrpancrea R™. Torma mMoxkuO paccmorpers MHOXKecTBo A = {a €
ARA®---®A: a=(a1,...,a;), a; #a;, 1 <0, <7, 1#]j, a1,..,a, € A}, A C R,

T
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OTBEYAIOIIEE BCEEBOZMONCHLLM TIEPUOINIECKUM BO3MYIIEHUIM TEepUoia T, ONepPUpPYIONNAX B
A. [anee, cienysa riase 2, BO3MYIIEHHbIE KBaJIpPAaTHIHOE M IKCIOHEHIHAJILHOE CeMeiicTBa

nepenumneM Kak
z— pla,z)

T, - 1)
a—g(a),
i
B z— x(a,x) ,
To = (22)
a— g(a),
e a1 = g(a;), 1=1,2,...,7—1, a; = g(a,), a; # aj, i # j, coorBeTCTBeHHO. /17151 OIM-
HOKEeCTBa, A, mapamMerpudeckux 3HAYEHUil @, COOTBETCTBYIOIIUX XAaOTHYECKOMY ITOBEICHUIO
orobpazkennif, muozkectBo A, = {6 € A, ® A, ®---® A, : a=(ar,...,a,), a; #aj, 1 <
i,j < 71,0 #7j, a1,...,a; € A}, Oyner COOTB;TCTBOB&TB JIIOOBIM BO3MYIIEHHUSIM MTEPUO/IA

7, onepupytomum B A.. Tenepp MoxkHO nmokazarh [67, 68, 69, 97|, 4ro cymecTByer moaM-
HOKecTBO Ay C A, Takoe, 4to ecin 4 € A4, To Bo3MyIeHHBIe oTOOpazkenus (21), (22) GyayT
00/1a1aTh YCTONYUBBIMU MUK/IAMH KOHEYHBIX MTEPUOIOB. JloKa3aTe/ ibcTBO JIAHHOTO YTBEPK/Ie-
HUA IIPOBOAUTCA IIyTEeM IMOCTPOEHUA MOAMHOXKECTBa Ad " HaXOXKICHUA YCTOﬁqHBbIX OUKJIOB
B oTobpaxkenusix (21), (22).

Takuwm obpazom, mepuoarndecKne napaMerpudecKie BO3MYIIEHHST Ha Xa0THIECKOM MHOYKeCTBe
MIPpUBOAAT K IIOJABJIEHUIO XaO0Ca. HpI/I 9TOM, OY€BH/JIHO, MHO2KECTBO IMapaMETPUYICCKUX 3HaAYeC-
HUil G € A, Jyist KOTOPBIX B IEPHOMYECKH BO3MYIIaeMbIX cemeiictax (21), (22) cyuecTByior
YCTORYIUBLIE IUKJILI, OTKPHITO B A.

Vesa momapBiIeHus Xaoca OPOCTBHIM IIapaMeTpPHYeCKIM BO3JCHCTBHEM paCcCMaTPHBAJIACH
muOrEME aBTopamu (39, 41, 43, 49, 52, 53, 60, 74| (cMm. Takzke o630pst [36, 37|. B wacrHOCTH,
OBLTH PA3BUTHI JOBOJLHO 3(DhEKTUBHBIE METOIBI PE3OHAHCHOM crabunusamuu (39, 41, 49| u

METO/IBI BHICOKOIACTOTHOM (HEepe30HAHCHOIT) cTabum3anun [53] Xa0THIecKoro MmoBeIeHNusI.

4.2 MeToapl pe30HAHCHOI M BBICOKOYACTOTHOM cTabmam3anum

s Teopermdeckoro OOOCHOBAHHS METOJOB PE30HAHCHON M BBICOKOYACTOTHON CTAOWIN-
3allii UCHOIb3yeTcst 00o0imenHast Teopust Menbuukosa [118] (em. rakuxke |7, 113, 119]), 3ax-
JIIOYAIOAACA B OLEHKEe PACCTOAHUA MEXKIy YCTOMYMBON M HEYCTOMYUBOW cemapaTrpucaMmu.
B 6udypkamumonnom ciaydae ycroiiumBas M HEyCTOHYMBAs CemapaTpHChl 00pa3yOT TOMOK-
JUHIYeCcKYIo meTao. [Ipn pazpymennn Takoit TOMOKINHAYECKOH CTPYKTYPhI BO3MOYKHBI TPU
CIyYasd: BBIXOJAIIAs CenapaTpuca OKPYzKaeT BXOJAILYIO; BXOJAINAs CenapaTpuca OKpYyK-
aeT BBIXOJIAIIYIO; CelapaTPUChl MepeceKaroTcsd. B mepBhIX IBYX CIydasdX PAcCTOSHUE MKy
cemaparpucamu coorBerctBeHHO A < 0 u A > 0 g so60oro MomenTa Bpemenu. U ecin
TOJILKO HAMIETCST MOMEHT ty, Koraa A meHAem 3Hak, BOSHUKACT XaOTHIECKOe MOBEJICHNUE.

Pacemorpum ypasuenne Tioddunra-Xoamca [120] (coorBercrBytomiue cCbUIKI M. B [85,
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113, 110, 119]) ¢ mapaMerpruyecKuM BO3MYIIEHAEM:
T=1y,
(23)
= — B[l + 77(:05((215)%3 — 0y + ycoswt ,

rae n — ammanTyga u () — dacrora napaMerpudeckoro Bosmytienusi. Cormacuo [113]; pac-
CTOSHHE MeXKJly YCTOHUMBBIM U HEyCTOHYMBLIM MHOTOOOPA3HAMH B MOMEHT BPeMeHH tq I

HEBO3MYIIEHHOTO ypaBHeHHsI (23) TaeTcs BhIPAsKeHIeM

1/2
2 44
Alty) = 2m 3 ywsch (%) sin(wtp) + 35
HerpyaHo paccuuraTh 3TO paccTosiue s ypasHenus (23):
22 46 Q
A(to) = T\/B_mw sch <%> sin(wty) + 35 + %(94 — 69% + 1)csch <%> sin(Qp)

HJIH, BBOJISI COOTBeTCTBYoMmue obosznadenust, A(ty) = A(w) sin(wty)+ B(Q2) sin(Qy) +C. das
TOro, 9TO0BI BesmanHa A 0CTaBAIACEH TOJIOKUTEIBHOMN JIJIst BCeX ty, HEOOXOAUMO BBIMOIHEHHE

HEPABEHCTBA
65(Aw) = C)
(2 — 692 + 1)csch(72/2)

Oanako 9TO ycjaoBUe He siBJsieTcst JH0CTaTOYHbIM. OHO Oyjer TaKOBBIM, €CIH 49acTOThl ()

n >

M W SIBJISIIOTCS COM3MepUMbIMU. Bosiee Toro, eciau orHormenune §)/w WPpAMOHAIBHO, TO
cymecTByer 3navenue ty, korma A(tyg) menser 3Hak. [Ipu 9TOM nepuos BpemeHu 7, B Tede-
HHEe KOTOPOr'o IPpOUCXOAUT ,ZLBOfIHaH CMEHa 3HaKa, MOXKHO OIpeae/MTh U3 COOTHOIIIEeHUA
A(w) — B(2) — C' ~ 0, koTOpOe TapaHTHPYeT BHIMOJIHEHHE YCIOBUSI KaCAHWUs CelnapaTrpuc.
Beswuauna 7, B 3aBucumoctu ot (), mpereprieBaeT CKadKH B TOYKAX, IJie 9acTOThl {2 U w
ABJIAIOTCA COU3MEPHUMbIMMU. I/ICHOJIBBYH YUCJIEHHOEe MOJeJIMPpOBaHUE, MOZKHO Y66,ZH/ITBCH, qTO0
Xa0C MOJIABJIAETCS HA 9acTOTax ) ~ ng) = ng{l), e Q%) — FapMOHUKH JaCTOTHI BO30YZXK/1e-
HUS W ypaBHeHus (23).

Takum obOpa3om, cTabmIM3aldg XaOTHYECKOH auHaMukd B ypaBHeHun Jlrodbdunra-
XomMca HABIIOTACTCS TPH PE3OHAHCHOM COOTHOINIEHWH YACTOTHI BHEITHETO MapaMeTpHIecK-
Or0 BOBMYIIIEHUAS U YaCTOTHI CUJIOBOI COCTABJIAIOIIEH.

Ecnun nmapamerpudeckoe Bo3mymienue ypaBuenns /lroddunra-Xomvca BBecTn nHade,

=y,
(24)
v =a(t)r — fa® — Sy + ycoswt ,
rae a(t) = a(l + ncosQt), To st HAGIIONEHNST CTAOHJIMBAIMN XA0THYECKONH JIMHAMUKI

MOYKHO HCIOJIb30BaTh BBICOKOYACTOTHOE BO30yzKaenne [53|, korga gacrora 2 10CTATOYHO
Be/IMKA II0 CPABHEHHIO C YAaCTOTOH w. AHAMOTHYHAsS UIesl, MO3BOIUBIIAA HAUTH YCIOBHS

CTAOUIN3AIMI EPEBEPHYTOr0 MasSTHHKA ITOCPEICTBOM OBICTPBHIX KosaebaHuil mogaseca, ObLT
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omucan eme B 1951 roxy [121, 122|. OcuoBHast ujes (Kak JJisi MasTHUKA, TAK U ypaBHE-
aus Jroddunra-Xoamea) cOCTOUT B TOM, YTOOBI Pa3ieuTh ObicTpbie & U MejjieHHble X
nepeMeHHbie. B aroMm ciydae, mosarasi, uTo (pyHKIWS (1) MpeICTaBISeTCsS KOMIO3UIUEH
x = X+ & () = X, ynaerca nonyuurb ypasuenue niusg X. IlepeiizeM or ypaBHeH-
us (24) ¢ mapaMeTpuYecKuM BO3MYIICHHEM K ypaBHeHHo Jist Oypbe-KOMIIOHEHT, mojiaras
& =n(Acos Qt+ Bsin Qt) +n(C cos 2Qt + D sin 2Qt) +. .. . Torma noay4nm HeorpaHHIEHHOE

YUCJIO CLEIJICHHBIX HEeJMHEHHbIX YpPaBHCHUA:

3 1 .
X —aX +8X%+ 57726X(A2+B2+---) — 5cm?A = —6X +ycoswt ,

(—Q*A+ QB+ A) —aX + 5(A+QB) — B(3X*4 + %72,43 +.-)=aX ,

B cBoro odepesp, 3TN ypaBHEHUS JOMYCKAIOT HCCIeT0BAHNE METOJI0M aCUMITOTHIECKOTO pa-
3noxkenns: pyaknuit A, B, ... . Ucmonb3yst 370T (hakT U OIMycKasi TPOMEKYTOIHbIE BBIK/IA-

JIKM, B MEPBOM NPUOJINZKEHUU TOJYYUM TaK Ha3bIBAEMOE PEHOPMAJIM30BAHHOE ypaBHEHUE

Hrodpunra-Xoamca:

X —aX + B8X% = —6X + ycoswt ,
rie a = a(l — an?/2Q?). JI1a 5T0ro ypaBHEHHS PACCTOSHHE MEZKJY CENapaTpPUCAMH JIAeTCs

BBIPAYKEHHEM
1/2 ~3/2
2 W 46a
Aty) =mwy | = sch sinwty + ———
o) =775 2va ST
a YCJIOBHE COXPaHEHUsI ero 3HaKa ONPEJe/sieTCsl U3 HEPABEHCTBA
3/ Bw W
————==sch | —=
(2a)%2 2V

CresioBaTeIbHO, €CJIU G SBJSIETCST JOCTATOYHO MAJbIM, TO BbIpakeHue (25) JIErKO BBIII-

5> (25)

OJIHSIETCS, U MOJABJIEHHE Xa0Ca TOJKHO HADJII0IATHCSI.

HeocriopumbIM TIpenMyTIECTBOM ONHCAHHBIX B JAHHON TIJIaBe MeTO/IOB SBJSIETCS TO,
9TO OHH TO3BOJSIOT Pa3BUTh aHAJATHYECKHi moaxoia. OmgHaKO HU OJUH W3 HHAX HE JaeT
BO3MOYKHOCTb YNpPasAsmb CACTEMaMU ¢ HEYCTONYMBBIM MJIM XaOTUIECKUM IOBeaeHneM. Tem
He MeHee, eC/Ii YCOBEPIIEHCTBOBATH BHEITHNE BO3MYIIEHHUs, TO HETPYAHO JOOUTHCS MOJTHOTO

KOHTPOJIA Ha ,ILI/IH&MI/IKOfI CHUCTEMDI.

5 IloagaBjieHume Xaoca u cTadman3aIud 3aTJaHHBIX IINKJIOB

B 3T0ii ritaBe Oyier mokazaHo, 9TO I8 yIPABIEHUS ONPeIeTIeHHBIMI CUCTEMAMU C HEYCTOWIHBBIM
UJTU XaOTHYECKUM IOBeJIeHNEM U BBIBOJA WX HA TPeOYEMbBIil PeyKUM IBOTIOIUH HEOOXOIUMO
UCIOJIH30BATh CIEIUaJbHO MOJ00paHHbIe MapaMeTprudyecKue Bo3MyleHus. Takue BO3MYyIIe-
HUsI — Pe3yJ/IbTaT pelleHusi 0OpaTHON 3aa4uu, KOT/Ia HEM3BECTHBIMU SIBJISIOTCS MapaMeTphl,

KOTOpbIe MOKHO HAiTH KakK pelleHud ypaBHeHUI Ha 33JaHHBIA UK.
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5.1 KycouHo-1mHeiitHOe oTOOpakeHne 1 OTOOpakeHne ¢ TuIepooJm-
4eCKNM aTTPAKTOPOM

Uccnenyem cHavasa 3ajady yIopaBaeHHd U MOJABIEHUs Xaoca s JOCTATOYHO OOIIHX CeM-
eiicrBax orobpazenuii [69, 70, 97|. Ha npumepe stux cemeiicTB OygeT sCHO BUJIHO, YTO MPU
HOMOIIIKA TPOCTOTO MEePHOANIECKOrO IMTapaMeTpPHIECKOro BO3MYINEHUs 0e3 oOpaTHOW CBA3U
Brja (D) ylaeTcd He MPOCTO TMOJABUTH XA0C, HO M CTAOUIM3UPOBATH IUKJIbI, KOTOPBIE Yotce
CYULLCMB06GAU KAK HEYCTONUNBBIE B IEPBOHAYAIBLHOM (HEBO3MYIIIEHHOM) OTODDAYKEHUH.

Pacemorpum cemeiicTBo orobpazkenuit uarepsasa [0, 1] B ceds:

q(a)r+r(a), 0 <z <a,
Ty: x+— f(x,a) = (26)
pla)(l—z), a<z<1,

rie a € (0,1) — ynpasasiomuii mapamerp u ¢(a) = (1 — a)/(a(2 - a)), r(a) =
1/(2 —a), p(a) = 1/(1 — a). OcuoBHag ocobeHHOCTH cemeiicTBa (26) cocrouT B TOM, UTO
npu ¢ = 1/2 OHO CONPSAKEHO € CeMeHCTBOM KBaJIPATHYHBIX OTOOpAarKeHUH HA WHTEpBaJe
[©*(1/2), ¢(1/2)]. Herpyano mokazars, uto amia awoboro a € (0,1) orobpaxenne T, (26) um-
eer mepemernuBaomuii arrpakrop A = [0, 1]. CymecTBoBaHmne mepeMernmBaomero aTTpak-
TOpA ABJISIETCS JOCTATOYHO CUJIBLHBIM CBOCTBOM: OTOOPAKEHHs C TAKIM CBOHCTBOM He 00/1a-
JAIOT YCTOIYMBBIMU MUKJIAME U UMEIOT 1y BCTBUTENBHYIO 3aBUCUMOCTH OT HAYAJbHBIX YCI0B-
uit. Bostee Toro, st oToGpazkeHnii ¢ MEPEMEITMBAIOIIMM THIIOM ATTPAKTOPA BO3MOZKHO MO~
CTPOUTH abCOMIOTHO HENPEPHIBHY0 WHBADUAHTHYIO MEDY.

Paccmorpum  Bo3mytienHoe cemedicrBo (26). I mpPOCTOTBI OMPAHMYMMCS  CJIy9aeM

JIByXIIEPUOJINYECKOT0 peodpa3oBanus mapamerpa a. B atom ciydae

T:z— Fi(x)=T,, 0T, ,
(27)
T:x— Fy(x)=T, 0T, .

Bes nmorepu obminocTn Oyaem monarath, uto 0 < a; < as < 1. Begem cieayionue obo3Hade-
HUS: 4y = a, g = a+¢€, € > 0. JIerko moHsaTh, 910 0TOOpakenue 1) MMeeT TPH HeMOIBUKHbIE
TOYKH, KOTOPBIE CYIIECTBYIOT JIJIs JIOOBIX 3HAYeHHil mapameTpoB ai,az € (0,1). dru wemn-
OJIBIZKHBIE TOYKH COOTBETCTBYIOT TPEM DA3JUYHBIM IUKJIAM MEPHOJA JBA BO3MYIIEHHOTO
oTobpazkenust (27). LIukJ1, COOTBETCTBYIONHMIT CpeHeii U3 STUX TOYEK, BOSHUKAET M3 HEMO/I-
BUZKHOW TOYKM HEBO3MYIIEHHOTo oTobpazkenus (26), a aBa Apyrux Hukjia (mepuoga jiBa),
OTBeYal0MMUX OCTaJIbHBIM JABYM HEIIOABU2KHBIM TOYKaM, POXKIaIOTCA OT HUKJIa IIepuoda JABa.

HeprﬂHO IMOKa3aTh, 9YTO MOXKHO HaliTh Takue IMapaMeTpuieCKue 3Ha4YC€Hu A, 9TO I3TU I10-
CJIe/IHIEe TOYKU CTAHOBATCS ycroitausbiMu. [JeiicTBurensho, |¢ps| = (1—a) / (a(?—a) (1—a—
6)), lgapr| = (1—a—6)/((a—|—e)(2—a—e)(1—e)). Teneps, BBOjIs 0003HaUYeHHE |q1p2| = 51 (€), 1
|g2p1| = s2(€), pacemorpum dbyukumn s1(€), so(€) Bobaactn 0 < € < 1—a. 13 ux ananunsa cire-
ayer, aro st soboro a € (0,1) cymecTByer quanason 3nadeHuit napamerpa € € (e, 1 — a),

rae so(€) < 1. dpyrumu cioBamu, B uHTepBase (€°,1 — a) Bo3MyIueHHOE OTOGparKeHHe
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(27) umeer cmabususzuposantbili TBYXIEPUOJINUECKHN UK/, ¥ MOYTH BCe (ha3oBble TOUKH
u3 uarepsaia [0, 1] 6yayr npursaruBaThcs K Hemy. HeoGX0AuMO OTMETUTH, YTO 3TOT MUKJI
yIKe CYIIEeCTBOBAJ KaK Heycmoiuuenlll B IEPBOHAYATLHOM (HEBO3MYIIEHHOM) OTOOPAYKEHUH
(26). On cmanosumes yemotiuuevim TOCPEJICTBOM HEMPEPHIBHOTO H3MEHEHUs MapaMeTpOB
oTobpazkenus (27) or 3Havenuii (a;,a;) K 3HAICHUAM (a1, dz), TAK 9ITO Sa(ay, as) < 1.

[ToxpobHBIE aHAJIUTHIECKHE HCCIeT0BAHUS MOKA3BIBAIOT, UTO /I O0/iee CJI0KHOTO yIIpa-
BJIeHHsI ceMeficTBOM (26) HeoOX0AMMO PUIIOKHTE K HeMy crenuduaeckue Bo3mynenus [97.
Nmenno, mocpeicTBOM HAIIEKAIIEr0 BO3ZMYIIEHUST YIAeTCsI CTaOM/IN3UPOBATEH HEYCTOWINBBIiT
[UKJI TIPOU3BOJIFHOTNO HEYETHOTO MEePUO/Ia.

Paccmorpum Temeps 0000IIeHNE TOJYYEHHBIX Pe3yJIbTATOB HA OMPEIETeHHBI KIacc
d8YyMepHbLT OTODParKeHHit, 00IaJA0MNUX HAnOOIee CHIBHBIMI XaOTHYECKUMU CBOWCTBAMU.
B kagecTtBe mpuMmepa u3ydmm T.H. oToOparkeHne Besbix. 910 oTOOparkeHme ecTeCTBEHHBIM
00pa30M BO3HUKAET MPU UCCIET0OBAHINT HEKOTOPHIX KOHKPETHBIX PATHO(MU3NIECKUX MO/IeIeil
[123]. Maremaruueckn orobpazkenune Benbix BBoguTCs corepyomum obpasom. Ilyers @ =

{(z,y): |z] <1, |y| <1} — gBagpar Ha mwiockocru (z,y). Paccemorpum npeobpaszosanne T

T (v,y) — fz,y), (28)
TaKoe, UTO .
M+ -1 T+ -1), @) e
Flo,y) = 1 (29)
(M@ =D+1 S=D+1) (@) €@

e obs1acTu (1, (Q2 MOIyHYAIOTCsl Pa3J/ieJIeHHeM HCXOJHOIO KBagpara () HeKoTopoil dyHKuuneit
h(z) : [-1,1] — [-1,1] na aBe wacru:

Q1 ={(z,y) €Q: y <h(x)},
Qs ={(z,y) €Q: y>h(x)}.

Kpowme Toro, momycrium, 9To MOCTOSHHBIE A1, Ao, A3, Ay u dyHKImst h(x) BIOpaHBI TaK, 9TO

(30)

o1 JeiicTBueM mpeobpasoBanus 1’ KBajgpat () orobpazkaercs B cebdd, T'Q) C Q. ITonyuennas
koucTpykius (28)—(30) naspiBaercsa omobpastceruem Beavi.
g nanbHeitero paceMorpenus orpasudauMcst B (30) auneitnoit dbyukiueii Buga h(x) =

ax W BBIOEPEM TOCTOSHHBIE \; CIEAYIOMUM 00pasoM: A\ = A3, 1/Xy = 1/A4 = Ay. Torma

OTO6pa)KeHI/Ie Benpix MOKHO 3amucaTh B BHUIE

()\1(17+1)—1, )\z(y—l—l)—l) , y<aw,
T: (z,y) — f(z,y) = (31)
()\l(x —1)+1, A(y—1)+ 1) , Yy > ar,

la] < 1. Orobpaxenune (31) 3amedarenbHo TeM (akKTOM, d9TO 00JALAeT ATTPAKTOPOM
rUIepoOOInIecKOro Tumna. VI3BeCTHO, 9TO eCM MHOXKECTBO A sIBJISIETCsl aTTPAKTOPOM JIJIst

muddeomopduzma T : () — (Q KoMHakTHOro MHOroo6pasust (), To cymiecrByer (OTKpbITas)
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OKPECTHOCTB, KOTOpas c:kumaercs K A ¢ yBeqndennem urepanuit. CBOCTBO rumepboInaHo-
CTH i OTOOpayKeHWil O3Hadaer, 4TO B JIIOOOI Touke p arTpakTopa A mMmeercsa jBa
MHBAPUAHTHBIX HAIIPaBJIeHHsd. BIOMb OTHOrO M3 HUX TOYKH KOMIAKTA () SKCIOHEHIIHATHLHO
CTpeMATCI K P, & BJOTb JAPYTLOTO TOYKH IKCIOHEHIMAIBLHO OBICTPO YXOAAT OT TOYKHU P.
DTO CBOUCTBO TO3BOJISIET MOCTPOUTH YCTONYNBOE U HEYCTOWYUBOE MOIMHOT00OpA3MsT MHOT-
oobpasug (). B cBoro ouepeb, CymecTBOBAHUE YCTOWUIMBOTO U HEYCTOWIHBOIO MHOTOOOPA3-

uil mMo/spa3yMeBaeT HaJUUne y OTOOPArKEHUsI 1yBCTBUTEIBHON 3aBUCHMOCTH OT HAYAIbHBIX
ycioBuit. Bosiee Toro, orobpazkeHusi ¢ runepOOINYECKHM THUIIOM aTTpakTopa 00/1a1aiT
MHBAPUAHTHBIME MEPAMU, KOTOPbIE MO3BO/ISIIOT YCTAHOBUTH CTATUCTUIECKHE CBOMCTBA THITMIHBIX
TpaeKTopuil.

Orobpazkenne Besbix (31), ogHako, He MOZKeT ObITH IHIEPOOTNIECKIM B CTPOIOM CMBICIIE,
MOCKOJIbKY OHO Pa3pbIiBHO. TeM He Menee, 3T0 0TOOpaKeHUe SBJISIETCST TUIINIHBIM TPeICTaB-
uTejieM JIMHAMUYECKHX CHCTEeM C ocobeHHOCTsMH. Takoit Tun oTrobparkeHuit MOKeT TOsiB-
UThCsI BO MHOTUX (pu3mdecknx 3aja9ax. [Ipu ycaoBum, 910 MHOXKECTBO TOYEK pa3pbiBa nMe-
er HyJeBYI0O MePy U HEKOTODPBIX JIpyrux jonyiierusx (cm. [124]), MokHO mosyanTh cTporue
pPe3yIbTATHI, KACAIOIINecs PAa3PBIBHBIX JUHAMUYECKHX cUCTeM. B "acTHOCTH, g KarxKIoi
PEryIapHOil TOYKH BO3MOYKHO C(HOPMUPOBATH YCTOUUHUBOE M HEYCTONYIMBOE MHOTOOODA3MUS.
Kpowme Toro, onupasich Ha KOHKPETHBIN BUJ MHOZKECTBA TOYEK PA3PbIBA, YIAETCI TOCTPOUTD
PTOIUIECKYI0 MHBAPUAHTHYIO Mepy.

Herpyano maiiTu ycaoBus CymecTBOBAHUS TUIEPOOJUIECKOTO aTTPAKTOpa s 0TOoOpa-
kenus Benwix [97]. s 9Toro, Bo-mepBbIX, 3aMeTHM, 4To 1pH |a| < 1 310 orToGpaxkenue
nMeer Jpe Henoasuzkubie Touku, X = (1,1) u Y = (=1, —1). Bo-BTOpBIX, /Il BCEX TOYEK
KBaJipaTa, rje onpejesneHo orobpazxkenne (31), npoussonuas pasua Df = diag{\;, \o}. Tna
rUIepOOTHIHOCTH HeoOXoauMo, 91obbl |[A1| < 1, |Ag| > 1 (mam waoGopor), n TQ C Q.
Jlerko mpoBepuTh, UTO MOC/EeHEEe HEPABEHCTBO YIOBJIETBOPSIETCS, ecau TOMhKO 0 < A; <
1, 0 < Ay < 2/(1 + |a|), |a] < 1. Hakonemn, st BHIMOJHEHUS] YCJIOBHs CYNIECTBOBAHUS
aTTpaKTopa TUIepOOJIMYecKOro Tuia Tpedyercs, 4To0bl mpeodpaszoBanue 1" ObLIO B3aUMHO
OJIHO3HAYHBIM (T.e. ToMeoMOphu3MOM). DTO TpebOBaHWE ABTOMATHYECKH yI0BJIETBOPSIETCS,
ecim 0 < Ay < 1/2. CrepoBarebHo, J1Jisi TUIEPOOJMYHOCTH aTTPAKTOPAa B OTOOpazKeHUH

Besbix (31) mosydnm cIeayonyo CUCTeMY HEPABEHCTB:
0< A <1/2; 1<X<2/(T+]al); Jal<1. (32)

st Toro, 9TobBl paccMOTpeTh BO3MOXKHOCTH TOJABIeHNsT Xaoca B orobpaxkennu (31) ¢
yeaosueM (32), HeobXoauMO mpezke ero 00o0umTh Ha ciaydait |a| > 1. Ilpu BeImONHEHHN
9TOTI'0 HEPABEHCTBA HEMOJIBUKHAs TOYKA X MOMNaJIaeT yzKe B 00/acTh y < ar, a Touka Y —
B obsactb y > ax. [TosroMy st CymiecTBOBaHWSI ITUX HEMOABHKHBIX TOYeK npu |a| > 1

HEOOXOMMO TepenucaTh oToOparkenune bejbix Kak

(Al(x+1)—1, )\g(y—l—l)—l), y > ax,
T: (x,y) —> (33)
()\l(x—l)+1, )\g(y—l)—i-l), y < ax.
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Takum 06pa3om, HOBoe orobpazkenne (33) mosydaercst U3 UCXOTHOrO orobpazkenus (31) mo-
CPEJICTBOM 3aMeHBl = <> y U a = 1/a’. BHauut, Jyisi BBIIOJHEHUS YCIOBUIT THIEPOOJTTIHOCTH
Jst 00001IeHHOrO 0TOOpakeHust Benbix (33) HeoOXOANMO BBIMOJHEHHE CJIEIYIONINX HepaBe-
HCTB:

0<X<1/2; 1< A <2/(1+1/|a]); Ja|>1. (34)

OrmernM, 9TO Tenepb, B oTIn4dne 0T orobpazkenus (34), [Ao| < 1u [A;| > 1. Unbimu cioBamu,
CZKHUMAIOIee U PACTATHBAIOINIEe HAPABICHUS MEHSIIOTCS MECTaMU.

[Tycts mapamerp a orobparkenusi bejibix MUKIMYIECKH BO3MYyIAeTcst ¢ nepuogom 2. st
TOTO, 9TOOBI HATH KaYeCTBEHHOE N3MEHEHNe B JUHAMUKE TAKOTO OTOOPaKeHMs, HEOOXOIUMO
nepek/IIovaTh napamerp a BOJM3M 3HadeHus @ = 1 takum odbpaszom, 4Todnl a; < 1, as > 1.
Kpowme Toro, jijist BBITOJIHEHUsT YCIOBUI TUIIEPOOJIMIHOCTH JIJIsT BO3MYIIIEHHOT'O 0TOOPAZKEHUsT
Kak 1pu a; < 1 Tak u ipu ag > 1 Tpedyercs, 4ToObI U3MEHSIJINCH TaKZKe U MapamMeTpbl A, Ag.
YauTsiBast TU YCJIOBUsI, MOYKHO MEPEITHCATH BO3MYIIIEHHOEe 0TOOpazkeHne besbix cire/1yomnmm
obpazom:

(z,y) — flaz, AT, A) © flar, AL, Ay) (, 9)
T — (35)
($, y) — f(alv A%a )‘%) © f(an A%v )\%)(1‘, y)
JIIsT YeTHBIX U HEYEeTHBIX UTEPAIHil COOTBETCTBEHHO.

Jlagee, MOCKOIBKY Kak Jijist a; < 1, Tak u JijIst ao > 1 oroOpazkenue Besbix mmeer Hemo/I-
srzkHbie Toukn X = (1,1) u Y = (=1, —1), T0 9TH TOYKN OCTAHYTCS HEIOIBUKHBIMU TAKIKE
u 115 orobpaskenns (35). Bomee Toro, mubdepenmuan DT Boszmymientoro otobpaskenus (B
CIydae YeTHBIX U HeYeTHBIX HTePAlnii) Onpenessiercsi Kak:

2 1 241 x
DT = A01 )?2 ' Ao1 Aol - Al0Al )\20)\1 = A01 AO
2 2 242 2
[TosTOMY, BCIEJCTBHE TOTO, UTO I a; < 1 BRIMOMHAIOTCA HepaBencTBa 0 < AL < 1/2, 1 <
A <2/(1+]a1]),m1 < X2 <1/(1+1/]az|), 0 < A3 < 1/2 npm ay > 1, cOGCTBEHHbBIE 3HAYCHAS
A m A marpunsr DT 6yayT msmenaThes B auanasone 0 < A\ < 1/(1+ 1/]ay]), 0 < \j <
1/(14|ay|). naue rosops, |Af| < 1, |Aj| < 1 u menoxsuzkubie Toukn X, Y orobpakenus (33)
CTAHOBATCH YCcmMolUuusuMy. DTO O3HATAET, YTO TUNEPOOJTUIECKUil ATTPAKTOD BBIPOKIAETCS
U CMEHSIeTCS MPOCTBIM aTTPAKTOPOM.

Takum obpa3oM, NUKJIMYECKHE HNapaMeTPUUYecKue BO3MYIIEHHs OTOOparKeHWil ¢ spKO
BBIPAKEHHBIMHU XaOTHIECKUMU CBOHCTBAMU MTPUBOIAT K KATECTBEHHOMY W3MEHEHUIO B JIMHAM-
WKe: U3 Xa0THIeCKUX OHU MPeodPaA3yIOTCs B PeryJisipHbie, 00/1a/1af01Ire CTadu/In3nPOBAHHBIMA

HEIIOABUKHBIMUA TOYKaMM WJIN INUKJIaMH.

5.2 OrobpazkeHns ¢ KPUTHYUYECKIMHI TOYKAMU

OnuireM Temepb MPaKTHYECKH PEAJTH3YEeMbIi MEeTOJ MOMCKA BO3MYIIEHHU, ITPUBOISIIINX K

cTaOHIM3AIIN 3apaHee BEIOPAHHBIX MUK/IOB (TACTHIHO €ro OMucanue 1aHo B pabore [24]). Ou
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MO3BOJIAET OCYIIECTBUTD NOAHLLY KOHMPOAL HAJL THHAMUAKOI cucTeM, KoTopble 3h(MeKTHBHO
OIIMCBIBAIOTCSI, HAIPUMED, YHUMOJIAJIbHBIMUA OTOOPaKEeHUSIMH.

[Tycts orobpaxkenue T, : = +— f(z,a), x € M, a € A yIOBIeTBOPSIET CJIEIYIONIUM
CBOWCTBaM:

1) cymecTByeT Takoe MOAMHOKECTBO 0 C M, 4ro Jjist JTOOBIX 1, Ty € 0 HalileTcs 3Hade-
uue a* € A, niug koroporo f(1,a*) = x;

2) cymecTByeT KpuTHIecKas TOYKa T, € 0 Takasi, 9ro 0f(x, a)/ax‘ ~ =D,f(z.,a) =0
npu jrobom a € A.

Torna s M0OBIX Xy, X3,...,T, € O HAWJLYTCA TaKue Ty U a1,dg,...,0r, U9TO HUKJI
(21,22, ...,2;) Oyger yCTOWYUBBIM IMKJIOM BO3MYIIEHHOTO oroOpaxkenust T, npm a =
(Cll, ce ey aT).

eficTBuTesbHO, BhIOEPEM NPOM3BOIBbHBIE BEJIMYUHBI T1, Lo, . ..,T;. B cuiy yciaosus 1)
cucrema ypasueuuit f(z1,a1) = o, f(x9,a9) = w3, ..., f(x;,a;) = 1 OTHOCHTENBHO
nmapaMeTpuYecKuX 3HadeHWd ai,ds, ...,a; UMeET pelieHue Buga ¢ = (ai,ds,...,0a;). DTO
O3HAYAET, YTO MOCJAEJ0BATENBHOCTD (L1, Ty, . . ., Tr) = P ABJISETCS MUKJIOM TIEPHOJA T 0TOOpa-
xkeuusg T, TpPH NEPHOIUYECKOM BO3MYIIEHUH G = (aq,as,...,a0;). ITOOBl 3TOT MUK P
cJleJIaTh YCTOWIUBBIM, JOCTATOTHO BBIOPATDH /IEMEHT X OJM3KHM K KPUTHIECKOMY 3HAUEH-

HIO I, OCKONBKY [(p) = H D, f(x;,a;) u Dyf(2.,a) = 0 upu m060M a. ITO rapaHTUPYET

BBIMIOJIHEHHE YCJIOBHS yCTOI/I‘{I/IBOCTI/I 1B(p)| < 1.

OueBnzHo, ycmoBusM 1), 2) yIOBIETBOPSIOT CeMefCTBA MOTUMOJATBHBIX OTOODAZKEH-
wit. [TockonbKy 11000#i UK BUna (¢, T2, 3, ..., T;) TPU IPOU3BOJIBHBIX T; € 0 SBJISETCSI
YCTOHYUBBIM, TO MPUBEIEHHOE YTBEPIK/ICHIE MO3BOJISIET IPAKTHIECKN HCIOTb30BATH TAHHbII
METOJI YIPABICHUS THHAMHKON CHCTEM, KOTOPbie 3h(EKTHBHO OMUCHIBAIOTCS TAKHME CEM-
eficTBaMM.

Herpyauo HaiiTu ycaoBHS HA YDPOBEHb BHEIIEro IIyMa, KOTOPBIi HE DPa3pyIIHI Obl
CTaOUIN3UPOBAHHBIE MUKJIBL. [IyCTh yCTORYUBOMY THKIY (Z¢, T2, T3, ..., L) COOTBETCTBYET

BO3MYyIIEHHE (ay, Ay, . . ., G, ). IIPEINOTOKIM, UTO 3HAYMEHNUS a; CJIEKA H3MEHUIUCH:
! / !
(a},ay,...,a.) = (a1 + Aay, ay + Aay, . .., a; + Aa;)

, |Aa;| < d,. Haiijlem MaKCHMAIBHO JOMYCTHMOE 3HAYEHHUE g, IPU KOTOPOM BO3MYIIEHHbIH
UK/ COXPAHAET YCTORIUBOCTL M UCCIEAYeM, KAK B 9TOM CIydae UCKASUTCS [MUKJI, T.e. OIIpe-
nemam Ax; mus (o, o, ... 1h) = (v + Az, 29 + Az, ..., 2, + Az, ). Pesyabrarsl Takux
BBIUUCICHUN TAIOTCA CAeAYIONIeid TOYHONH OIEeHKOI.
Homycrum, uto f(x,a) € C*[M x A] m BOo3Mymennoe orobpaxkenume T, mpm a =
(ay,as,...,a,) IMeeT YCTORIUBBIN MUK nepuoia 7, p = (1, Ts, ..., ;). Torma, ecin
1

|Aal| < b= T
tSaLSI—1 > St
i=1

e i = 1,2,...,7, S, = max|D f(z,a)|], L = max|D2 flz,a)|, Sy = max|D f(z,a)|, To

9TO 0T06pa>KeH1/1e MMeeT Takzke ycroiunBeiit uuka p' = (z, + Axy, xo + A:cZ, N AV
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nepuoga 7 upn a' = (a1 + Aay, as + Aas, . ..,a; + Aa,) u
1
CLST U

JeiicTBUTENIbHO, PEIIONIOKIM, 9TO BCe 3HAUEHUS @; SBJISIIOTCS BO3MYIIEHHBIMH, @) =

a; + Aa;. Haiinem usmenenne Azxy = ) — x.. [Ipm srom 2 nomKHO OBITH HEMOIBUKHON
TouKoit orobpakenust 17 (cm. (8)), Te. ) = Fi(2),ad),d,...,a)). Torna z. + Az, =
Fi(ze,a1,ay...,0;)+D Fi(z.,a)Axy+ Y Dy, Fi(x.,a)Aa;. Orcroga, ¢ y9eToM COOTHOTIeHHH
i=1
T T
xe = Fi(2e,a) u D Fy(x.,a) = B(p) = 0 maxomnm, uro Az = >[I Do f(z, a))Dof(xs, a;)Aa;.

1=1[=i41

CiretoBaTesIbHO,
Az | <003 T [Daf (w1, a1)|[Daf (i 00)| < 0a7S0 X S5 (36)
1=1 (=14 1=
OHeHI/IM, KaK HpI/I 9TOM HU3MEHUTCA MyﬂbTI/IHHI/IKaTOp OUKJIa: 6( ) ( ) ( ) =
[I1 D.f(x},a) = X D2f(xi,a;) I1 Daf(zi, @)Az; + 3 D2, f(xi,a;) H f(x, a)Aa;. B
i=1 i=1 =1 =1
(£ l;ﬁl

06enx CyMMaxX HEHYJEBBIMH SIBJISIOTCS TOJIBKO MepBble WIeHbl, MOCKOMbKY Dy f(x1,a1) =

Dxf($ca al) = 0. ITosromy 6(]),) = [D;%f(xca al)Al'l + szf(xm al)Aal] llf[Z D:vf(xla al)-

Oanaxo ouesuano, uro D2 f(z.a;) = D, (Dwf(xc, a)) = D,(0) = 0. Buraunr
a=a1
1B(p")] = |Ax| ‘Dif(xc, al)‘ I1 ‘Dxf(xl, al)‘. JInst yeTOiunBOCTH MUKIa HEOOXOUMO BBITIOTHE-
=2

.

HUE HePABEHCTBA, |Ax1|‘D§,f(xc, al)‘ I1 ‘Dwf(xl, al)‘ < |Azy|LST™! < 1. Orcrona ciepyer, uro
=2

Az1| < 8, = 1/(LS™).

Taxum obpazom, ecin Bosmymienne Az 6yj1eT MeHbIIe BEJTMIUHBI 0, TO UK OCTAHETCS
yeroitumsbiM. Ho MakcHMaIbHO BO3MOXKHOE W3MeHeHne Ax; IpH BO3MYIICHAN MAPAMETPOB
Ha BeJMIHHY 0, 3ajaeTcsa HepasencTBoM (36). [Tosromy ycmoBue Ha §, MOXKHO 3aIUCATh KAK

T b -1
0aTSa Xieq Sy = 1/(LS;™H) mwm
1
13 Gi
tS,LS; X S
1=

0o =

[Tony4yenHble OLEHKHW IMO3BOJLAIOT B KayKJIOM KOHKPETHOM ciydae 3(MEdeKkTuBHO orpe-
JIeJIATH TPeebHO JOIMYCTHMbIE OINIMOKH B 3aJaHUH HEOOXOJMMBIX YIIPABISIONIAX MapaM-
€TPOB.

PaccmorpuMm B KadecrtBe mpuMepa Xoporro u3ydennoe cemeiicrBo (19). st manHOrO
0TOGpazKeHHsT MHOXKECTBO 0 — 3TO WHTEPBAJ [Ty, To|, e Tp U T, — pelieHne ypaBHEHHsI
Tint = f(2,4), Ting — TouKa nepecevenns ayr y = 4x(l—z) nuy = x, re. [z, x.] = [1/4,3/4].
Haiinem Bo3mymenust @ = (aq,das, ..., a,), IPH KOTOPBIX B oTobpazxkennu (19) cymecrByer
YCTOWYHUBBINA MUK TOTO WU HHOTO MEepHoja t, KpaTHOI'O MEPUOILY BO3MYIIEHU T.

SamnumeM BO3MYIIIEHHOE O0TOOpaKeHue CJIeIYIONMUM 00Pa30oM:

Tp41 = anxn(l - xn) )
(37)

Qp = Qp(mod 7+1) -
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Ecnu 310 oToOpakeHme mmeeT MUK p Mepuojia t, paBHOIO MEePHOAY BO3MYIINEHHS, t = T,
p = (x1,22,...,2), TO TOUKH, (POPMUPYIOIIHE FTOT UK, OYIYT MOTIUHATHCS CIeIyoIeii

CUCTeMe ypaBHEHHUIL:
To = a1x1(1 - 1'1) 5
T3 — 021'2(]_ — 1'2) s

(38)

YT00bI pemuTh 0OPATHYIO 3324y, T. €. HAfiTH 3HaUeHUusd MapaMeTpoB, IPH KOTOPBIX 0TOOpa-

enne (37) uMeeT 3aJaHHBIA MUKJI P, HEOOXOIUMO BBIDA3UTH 3HAUEHUS a; U3 CHCTEMBI (38)

KaK
L2
Ay = —F—~ ,
371(1 — ZUI)
T3
ag — ——— ,
To(1 — w2) (39)
.......... ,
Z1
ay = ———
xt(l — a:t)
fcuo, aro me s Beex BO3MOXKHBIX 2; € (0;1) mosmyuenusie 3navenust a; € [0;4]. Ognako
eC/IM 9TO BEPHO, TO JIst JII000r0 1uKIa p = (T, Ta,...,T;) MOKHO HAHTH 3HAYEHUS ITAPM-
erpoB (ay,az,...,a), JJisi KOTOPBIX BO3MYIIEHHOe oToOpazkeHne (37) mMmeeT TAKOM IUKJI.
¢
Ecnn mynsrumnukarop |5(p)| = ‘ [T a;(1 — 2x;)| < 1, To maunbii nuka ycroiuus. C yaeTom
i=1

ypaBHenuii (39) 9T0 IPUBOJUT K YCIOBHIO

Tit1 L1 -2

t
1B(p)| = |11 (1—2w) = |[—|<1. (40)
i—1 l‘l(]_ — ]IZ) i—1 ]_ — T
Kora cpejin ToUYeK MUKJIa CyMecTByeT KpUTHIECKast ToUKa T, = 1/2, 1o (1 —2z.)/(1—x.) =
0. B atom ciyuae unepaBeHcTBO (40) BBIMOJHEHO, U TAKOH MUK YCTORIUB.

MHuozKecTBO 3HaYeHul p = (X1, T, ..., T;), 1y KoTopbix a; € [0;4] u nepasencrso (40)
BBLIIIOJTHEHO, 00pas3yeT Ompe/e/leHHyI0 00JacTh B KOOpAuHATHOM IpocTpancTse R, Kaxkmoit
TOYKE 3TOW 00JIACTU COOTBETCTBYET YCTONYUBBIN UK/ BO3MYIIEHHOIO oToOpazkenwus. Vci-
on1b3ysl cucreMy ypaBHeHHi (39), MOXKHO HOJYYHTH COOTBETCTBYIONLYIO 00JIACTH B NAPAM-
empuueckom npocrpanctee R, Pacemorpum snauenme 7 = 2. Torma (cM. BbIme) HUK/IBI
BO3MYIIIEHHOIO O0TOOpazkenust (37) MOryT MMeTh TepUOJAbl TOJIBKO ¢ = Tk TP HEKOTOPOM
nesiom k. Vccmepyem ob/1acTi CymecTBOBaHUS TAKUX YCTORYMBBIX IUKJIOB B KOODPIWHATHOM
U mapaMeTpuveckoM mnpocrpancrsax npu k = 1,2, 3.

I. £ = 1. B atom ciaydae nepuo/i BO3MyIIEHHs T = 2 COBHNAJAET C MEPUOJIOM YCTONINBOIO
mukiaa t = 7 = 2. Jlerko BHIETH, YTO B MPOCTPAHCTBE (T1,T3) 0DJACTH CYIIECTBOBAHHUS
YCTOMYMBOrO NUKJIA OLIPeNeadeTcs CJeyoleil cucreMoil HepaBeHCTB:

T 1—21’11—21’2

M <y <1.
£U2(1—a?2) - 1—271 1-1’2

T2
0<——<4 0<
371(1—1'1) -

Pemenne IIEpBOI'0O U BTOPOI'0O HEPABEHCTB COOTBETCTBYET MHOXKECTBY BCEX JOIIYCTHUMBIX

3HAYEHMT Tepuoja JBa. ['perbe HEPaBEHCTBO BBIJAEASIET M3 TONO MHOXKECTBAa 00J1aCThb
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CyIIeCTBOBAHUS ycmotiuueur TUKIoB. 3adukcupyem suavenne xp € (0,1). Torma, peras

9Ty CHUCTEeMY OTHOCHUTEJIbHO T2, IIOJIYIHM:

0 <y <1 =2 0 < <1
A oE—— xr —
2 51’1—3, 1 37
0< a9 < L LS

T — T —

> 3p -1 3 "Moo
31‘1—2 T 3

<Tp< —— Zca<l.
br—3 253y, -1 500

Takum 0OpazoM, Mbl ONpee/ I 00JaCTh CYNIECTBOBAHUS BCEX YCTOWYUBBIX NHUKJIOB IMep-
noja aBa, p = (1,xs), AJist Bo3MyleHHOro otobpazkenus (37). Herpyaso nmocrpouts co-
OTBETCTBYIOINYIO 00JACTh B IIPOCTPAHCTBE MapaMeTpoB (aj, ag). st 3T0r0 J0CTaTouHO HCH-
0JIb30BaTh cooTHOMIeHHe (39).

I1. k£ = 2. B aroM cirydae mepuojt yeTORIMBOrO IUKJIA COCTABUT 4, T. €. p = (X1, Ta, T3, Ty)-
OnpenenM Takue 3HAUEHUS TApAMETPOB BO3MYIIEHHUS (1 W (o, HPU KOTOPBIX STOT ITHKJI
CYIIEeCTBYeT U YCTONYUB.

U3 coornommenust (38) ciaemyer, 94To

Ty = alﬂﬁ(l - $1),
r3 = 021'2(]_ — 1'2),
sy = axs(l —x3),
Ty = agxy(l — z4)
[Toaromy
i) Ty
a = = ,
! 371(1—271) 373(1—273) (41)
I3 T
a@“H = — = —
2 1'2(]_ — 1'2) 1'4(]_ — 1'4)

JIerko BUJeTh, 4TO HE BCIKOMY HAOODY 3Hauenuii (1, Ta, T3, T4) OYJIET COOTBETCTBOBATD IUKJT
BO3MYIIIEHHOTO OTOOpazkeHusi. Boibpas B (41) 1Ba COOTHOIIEHUS B KAYECTBE HE3ABHCHMBIX,
HETPY/IHO aHAJTUTUYECKH BBIPA3UTH OCTABIIHECd JBa. TakuM ke 00pa3oM HAXOIATCI HapaM-
eTpHl @y U ay. IlycTh HEe3aBUCUMBIME 3HAYEHUSIMU OYIAYT T1 U Xo. 1Or/a, BBOJAS 0003HAUEHUT

pr=x1(1 — 21), p3 = x3(1 — 3), TOTYYIUM CAEAYIONIYIO CHCTEMY YDABHEHHUIL:

T2 _ P
Xy pa’ "
l—xy = (1—axy) 303
T1p1

OTcrona J1erko BBIPA3UTDh T4 U Lo Y€Pe3 Ty U T'3:

2

_ T1P1P3 — T3P3

- 2 2
T1p1 — T3P3
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OTH COOTHOIIEHHS MO3BOJISIOT TaKzKe HAUTH a1 U (o UePe3 T U T3:

T1p1 — T3P3
xlp% - 33317%, (42)
Xy
a1ps(1 — aips)

a; =

Ay =

Coornomenwe (42) MOKHO HCIIONB30BATH JJIsl HOCTPOEHHSs 00JIACTH CYIIECTBOBAHUS YCTONYINBOTO
IUKJIA Tepuojia 4 B IpOCTPAHCTBE apaMeTpoB (ag, as). VIMeHHO, BHIGpAB IPOU3BOIBHO X1, 3,
HAWIEM a1,y U BBRIYUCIUM T, T4. /lasiee BoIOepeM JUIIL Te 3HAYEHUS T1 U X3, T KOTOPBIX

BEPHO CJe/TyIOIIee:

0<a <4,

0 <ay <4, (43)
1—2x11—2x31—2231— 214
- l—2y 1—29 1 —23 1 —24

B(p)

Yeaosust (43) ¢ yaerom (42) BeIIEJASIOT B NpOCTpaHCTBe (a1, dz) 00JACTH CYIIECTBOBAHHS
YCTOWYIMBBIX MUKJIOB Meproja 4 BO3MYHMIEHHOTO (T = 2) KBaIPATHIHOIO OTOOPAZKEHUSI.

ITI. k£ = 3. Ilpu 3TOM 3HAYEHUU MEPHUOJ, YCTONUUBOrO IUKJIA BO3MYIIEHHOT'O OTOOparKeH-
usi (37) pasen 6, p = (x1, Ta, T3, Ty, Ts, Tg). IIOCKOTBKY BO3MYIIEHHE MO-TTPEKHEMY 33/IAETCST

JABYMsI mapamerpamu (aj, as), TO TOYKH [UKJIA P JOJKHBI YIOBIETBOPSITEH CJELYIOIUM CO-

OTHOIIIEHUSIM:
. T2 . X4 . Te
@ 371(1—271) - £U3(1—a?3) - 375(1—.1'5) (44)
. T3 . X5 . Xy
@ = To(l —x9)  x4(1 —m4)  26(1 — 26)

ﬂeFKO MMOHATH, YTO KOJIUYECTBO COOTHOIHGHI/IfI, CBA3bIBAIOIIUX 3HAYCHUA KOOPpAMWMHAT HUKJIA
p = (x1, T2, T3, T4, T5, Tg), — deTbipe. [l03TOMY, BBHIGDAB /1B B KAUECTBE HE3ABUCHUMBIX, MOXKHO
MOIYIUTH OCTaJbHBIE, W BBHIPA3UTDh Uepe3 HUX MapaMeTphl a; U ap. B oTamdme or ciydad,
Korja k = 2, 3Ty mpoueaypy IpojenaTh J0 KOHIA aHAJTUTHIECKH HEBO3MOXKHO.

OcCTaHOBUMCSI HAa TOM, YTO MOXKHO Haiitu u3 coorHomenuii (44). Bo-mepBbiX, Kak U B
ciydae k = 2, BeiOepeM B KadecTBe HEe3aBUCUMBIX KOOPJAMHAT X U T3. Torma, mpojenbiBas
Te JKe TMpeodPa30BaHUd UTO U B HPEJbIAYIIEM BapuaHTe, MOJIYIUM:

T3P3 — TsP1 T1P1 — T3Ps

U= T o2 mip? — pan?

3P3 — TsP1 T1P1 — X3P5

(45)

rje, Kak u panee, p; = z;(1 — x;). Ypasuenus (45) — He 9TO WHOe, KaK COOTHOIIEHHS,

CBSI3BIBAIOIINE MKy CODOM 3HAUCHUS Ty, T3, L5, T.€.
5 4 3 2 _
Az — Bxs + Ca; — Dx; + Fxs — F =0,

rjae

= x3p3 + x3ps + pi
x3p§ )

= opip3(ps — p1) -

P1,
= 2p1 + xr3ps ,
= p1+p]+2xsps

QW
o=
|
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Tenepb, onpenensis x5 = f(x1,23) U3 9TOr0 ypaBHEHUs, PU HOMOIM COOTHOIIEHUI (44)
u (45) yerko HaiiTu BCe OCTABIIMECS MAPAMETDBI a1, A9, T3, Ty, Tg. Jlajee, ecam U3 BCeX
IOJlyYeHHBIX TAKUM 00pa3oM IHUKJOB BLIOPATh JIMIIL Te, KOTOPHIE YIOBIETBOPIIOT YCIOB-
uam x; € (0;1), ¢ = 1,2,...,6, ar,as € [0;4], u ycnosuto ycroituusoctu |B(p)| < 1, To
MOZKHO IIOCTPOHTH OOJACTH CYIIECTBOBAHUS YCTOMIMBOrO IMUKJA IIeproaa 6 BO3MYIIEHHOIO

orobpazkenus (37) B IPOCTPAHCTBE MAPaMeTPOB (aq, az).

6 3akJ/IrodeHune

[TocKOBKY XaoC BCTpedaeTcs B MOJABISIONIEM OOMbIIHHCTBE HEJTMHEHHLIX JUHAMHIECKIX
CHCTEeM, B psje CIydaeB ero pa3BUTHE MOKeT OBITh HeyKeJlaTeJbHbIM. B ¢BgI3u ¢ 3TUM B
oCJIeIHee BpeMs HMHTEHCHBHO pa3pabaThiBAeTCs HOBOE HAIpPaBICHHE B TEOPHUH JeTePMUH-
HPOBAHHOTO Xa0Ca, CBI3aHHOE C BO3MOXKHOCTBIO IIOTABIEHNsT XA0THIECKOro MoBeaeHns. Ecin
JOCTATOYHO 1200 (AINTUBHO WM MYJIbTHILTUKATUBHO) BO3MYIIATH XAOTUIECKYIO CHCTEMY
(MHBIME CJIOBAMHE, TPOM3BOJUTL OOMEH HEeprueil MexKIy CHCTeMOil M OKpyKaleh cpe-
J0iT), TO Xa0C MHOTIA BBIPOXKIAETCsI B PETy/IsSIPHOe IBHzKeHHe. Pa3Burne s10ro Halpapiennst
IIpUBEJIO K MHOABJJIEHUIO HOBLIX 3aMe4daTe/JIbHbIX HpI/I.HO}KeHI/Iﬁ (CM. BBe,ZLeHI/Ie) N TTO3BOJINJIO
paccMoTpeTh MHOTHE MPO0JIeMbl HeJTMHEHHOW JIMHAMHUKY 10/ HOBBIM YIJIOM 3peHus. Tak,
IMOJAX0J K PpeHieHuIo O,ILHOfI n3 CTapbIX HpO6HeM — OIlluCaHue dBJIeHUd CaMOOPTraHU3alluu,
T.e. 0Opa30BaHMs U PA3BUTUS CJIOXKHBIX YIOPSJIOYEHHBIX CTPYKTYP, — B PaMKax TeOpuu
AETEPMUHUPOBAHHOI'O XaOCa IIOJIYYIHJI HOBOE Da3BUTHE. MBBGCTHO, 4YTO ZKUBbBIE CUCTEMBI CII-
0COOHBI K CAMOOPTaHU3AINN. DTO HE MPOTUBOPEUYUT 3aKOHAM TEPMOINHAMUKH, TOCKOIBKY
BCeE 6I/IOJIOFI/I‘IGCKI/IG CUCTEeMbl HE ABJIAIOTCA 3aMKHYTBIMU U O6M6HI/IBaIOTCH 3HepFI/IeI71 C OK-
pyzKalomieit cpeaoit. DHTPOIHS, CIyKaIas Mepoii Oecropsiika, MOXKeT YMEeHbIIATbhCS B OTK-
PBITBIX CHCTEMaX C TedeHneM BpeMmeHn. Heobxommmas mpemamnochlika 3 deKToB caMoOpraH-
M3AIUN 3aK/TI0YAeTCS B HAJHYAN IOTOKA SHEPTHH, HOCTYHIAMIIEr0 B CHCTEMY OT BHEIIHEro
HNCTOYHHNKA W JUCCHIIIPYEMOro ero. biaromaps 3ToMy HOTOKY CHCTeMa MpHOOpeTaeT CIOC-
O0OHOCTHh K aBTOHOMHOMY 00Opa30oBaHUi0 CTPYKTYp. OueBumaHO, 9TO 3(PPEKTH caMOOpraHu-
3aliH He MOTYT OBITh MCKJIIOUHTETHHBIM CBOWCTBOM OMOJTOIMYECKHX OOBLEKTOB, M JOJZKHBI
HAOJTI0IaATHCA U B OOJIee MPOCTHIX CUCTEMAX.

BombImoit nHTEpec MpeacTaBIgi0T pacipeaeIeHHble CPeIbl, KOTOPbIe IOCTPOEHBI U3 THCK-
PETHBIX JIEMEHTOB, JIOKAJIHLHO B3aUMOJEHCTBYIONIMX JIPYT C JAPYIOM U, TAKUM 0Opa30M, MpHu-
6JII/I)KeHHO OINUCBIBAIONIUX eCTeCTBEHHbIEe MPOCTPaHCTBEHHO NPOTAKEHHBIE CUCTEMDbI. qepeS
Ka)K,ILbII‘/'I N3 9TUX JIEMEHTOB MOXKeT IMPOXOAUTh IMOTOK dHEPTUH, HOCTyHaIOIlH/Iﬁ OT BHENIIHETO
UCTOYHUKA. XOTs pa3HOoOOpa3ue TaKuxX Cpej YPe3BBIYAiiHO BEJIUKO, YUCI0 MaTeMaTHIeCK-
X MOJeJIeif, KOTOpble HCIOAb3YIOTCSA st OMUCAHHS IPOIECCOB 00PA30BaHUS W PA3BUTHUS
CTPYKTYP B TaKUX CUCTE€MaX, HE CTOJ/Ib 3HAYUTEJILHO. HO—BI/I,ZLI/IMOMy, JazKe KOrJa OTJeJIbHBbIe
9JIEMEHTHI CHCTEeMbBI 00JIAJAIOT CJIOKHON CTPYKTYpPOif, BCSI MX BHYTPEHHsIsI CJIOKHOCTH He
IIpoABJIdeTCA BO BSaI/IMOﬂeﬁCTBI/IHX MexKAy HUMU U, C TOYKH 3PEHUA MaKpPOCUCTEMbl, OHU

(PYHKIMOHUPYIOT KaK JIOCTATOYHO IMIPOCTHIE OO BEKTHI C MAJIBIM YUCIOM (P PHEKTUBHBIX cTere-
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Hell ¢cBOOOIBL.

JIpyruM BazKHBIM TPUJIOZKEHHEeM TeOPHUHU JeTePMUHUPOBAHHOTO Xaoca SBJISETCS H3yde-
HUE Pa3JIMIHOrO POJa apUTMUil, BOSHUKAIONINX B TKAHAX CEP/IA, U CIOCODOB M3DABIEHUS
oT HuX. I3BecTHO, UTO cepliedHast MBINIIA IYBCTBATEIbHA K BHEITHIM BO30YXKIeHUAM. Ecan
HOPMaJIbHBIH IIPOIECC COKPAIeHUi HapyIIaeTcd KaK pe3y/IbTaT JONOJHUTEILHOIO IIOCTYILIe-
HUS SHEPTHUH, HAIIPUMED, BCIEJICTBAE BO3SHUKHOBEHUS HOBOTO HCTOYHUKA BO3OYKIEHUS, TO
Jla’ke B TaKOil mpocreiimieil curyanun MozxKeT HabJII0JAaThCs OUeHb Ca0KHOe moBeaeHue. Oc-
HOBHas 1poO/ieMa, 3/1eCh — M30aBUTHCA OT apPUTMHUM TPU MTOMOIIYM OIPeJIeIeHHBIX C/IabbIX
BO3MYUIEHN, HEe TPUBOAAIINX K CAJBHBIM BMeIIaTeJIbCTBAM B CPEJY.

K sromy HampaB/ieHMIO TECHO NPUMBIKAET HE MeHee MHTepPecHas 00JIaCThb HCCIeJOBAH-
uil HeJMHEHHON JUHAMUKM, U3ydalolias Kojaedare/bHble XUMHUYECKHe peakIuu. XOTs B
HACTOSIIEe BPeMsi MHOTOE 3/IeCh Y Ke MOHSATO, IPUYUHBI, BI3bIBAIONINE KOeOaTe/IbHbIe XUM-
UYECKUE TPOIECChI, OCTAIOTCS JI0 KOHIA HEe BbISICHEHHbIMHU. /lMHaMUYecKoe onucaHue KoJie-
OaTe/IbHBIX XUMUYECKUX PEAKINiT MOYXKET OKa3aTh B 3TOM CYIIECTBEHHYIO TTOMOIIb, B YaCTHO-
CTU, KOCBEHHBIM IyTEeM YCTAHOBHUTDL HEJIOCTAIOIINEe KOHCTAHTHI CKOpocTeil peakiuii. Kpome
TOTO, BO3MOYKHOCTH CTAOWIM3ANIN XaOTHIECKUX XUMUIECKUX ITPOIECCOB B PacHpeeTeHHbIX
cpeJax NO3BOJIUAT MOJOWTH K UCCIeJOBAHNIO ABJICHUS PE30HAHCOB CIUPAJIBHBIX BOJIH C TOYKU
3peHud TeOpUU JUHAMUYECKUX CUCTEM.

3HaHWe OCHOBHBIX 3aKOHOMEPHOCTEl MOBEJIEHWS XAOTHYECKHUX CUCTEM JaeT BO3MOXKHO-
CTb IIepeiiTy K IeJIeHallpaB/JIeHHOMY KOHCTPYUPOBAHUIO UCKYCCTBEHHBIX CUCTEM, HeJIMHeHHbIe
IPOIECCHI B KOTOPBIX MPUBOIUIN ObI K 00PAa30BAHUIO HYKHBIX CTPYKTYD. [loka B 3TOM Hampa-
BJIEHUU TIPeIIIPUHUMAIOTCS JIUIIL caMble mepBble Traru. Hambomee pa3BUTHIM OPUIOKEHIEM
SABJISETCS CO3/IaHUe YCTPOUCTB 00pabOTKH nHMOPMAINHT Ha OCHOBE TPUMEHEH S Xa0THIECKUX
cucrem. /leiicTBue Takux ycTpoiicTB 6a3mpyeTcs Ha WCIOJIH30BAHUN €CTECTBEHHOI "BHYyTpe-

HHeit"

CTPYKTYPBI CHCTEMbI W YIPABJEHUU MPUTOKOM SHEPIUU. DTO TMO3BOJSIET TIPH OTHO-
CUTE/IbHO MaJIbIX SHEPreTHYEeCKHX 3aTpaTax CO3/JaTh yCTPOWCTBA MPUHIMITHAJIHLHO HOBOI'O
THIIA, CIOCOOHBIE 3aIIOMUHATDH, MUMPOBATH U 06padATHIBATH 3aJaHHYI0 UH(OPMAIIHIO.

EcrecTBenno, npakTudeckoe UCIOJIL30BAHUE 3324 YIIPABICHUS Xa0TUIECKUMHU CHCTEMaMU
HEe HCYEPIBIBAETCS TOJBKO MEePEeIUCIeHHBIMI TpuaIokeHusMu. OaHaKo OOIbITYI0 WX YaCTh
MOZKHO HA¥TH B NPUBEJIEHHOM HUKE CITUCKE JINTEPATYPHI.

B zaksiouenune HEOOXOJMMO OTMETUTH, YTO B HACTOsIIee BpeMs HpobJjieMa yIpaBjieH-
us JIMHAMHYECKMMHU CHCTEMaMU W MOJABJIEHUS Xa0ca MPOJO/IKAET JOCTATOYHO MHTEHCHB-
HO pa3BuBaThcda. Kpome Toro, myGJUKYIOTCS HOBbIE PAOOTBI, MOCBAINIEHHBIE Pa3zpadOTKaM
HOBBIX MPUKJIATHBIX 33/1a4. [losromy B Omkaiimem OyaymeM MOYKHO OXKHJIATH TOSBICHUS

OOJIBIIIOrO YHCJIA y2Ke peain30BaHHbIX HEOXKHJAHHDBIX 1 MHTEPECHBIX HpI/IJIO)KeHI/If/'I.

ABTOp BBIpazkaer rayOOKyto OJaromapHocTh HaydHbBIM coTpymaaukam C./1.Pwibako,
A.H./leproruny n A.K.IIpoxopoBy, a Tak:Ke acIHmpaHTaM U CTyJZeHTaM Kadeapsl (hu3nkm

OJIUMEPOB U KPUCTALIOB (busndeckoro haxyabrera MI'Y 3a MHOTOUNCIEHHBIE TLI0JJOTBOPHbBIE
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